ON ASYMPTOTIC STABILITY OF GROUND STATES OF NLS 
WITH A FINITE BANDS PERIODIC POTENTIAL IN ID 



SCIPIO CUCCAGNA AND NiCOLA ViSCIGLIA 

Abstract. We consider a nonlinear Schrodinger equation 

iut - hou + /3(|mP)m = , (f, a;) e K X R 

,2 

with ho = —-j^ + P{x) a Schrodinger operator with finitely many spectral bands. 
We assume the existence of an orbitally stable family of ground states. Exploiting 
dispersive estimates in [C2,CV] and following the argument in [CI] we prove that 
under appropriate hypotheses the ground states are asymptotically stable. This paper 
is a slightly extended version of the paper to be published on the Trans. AMS. 



§1 Introduction 

Consider = —-^ + P{x) with P{x) = P{x + 1) a smooth periodic potential 
of period 1 in x G M and consider the NLS 

(1.1) iut - hou + (3{\u\'^)u = , (t, x) G M X M. 

In this paper we study the asymptotic stability of standing waves u{t, x) = e'^^^4>uj (x) 
with ^i^(x) > for all x. We consider the following hypotheses. We consider the 
following hypotheses. 

(HI) The spectrum o"(/io) is formed by finitely many bands. We choose so that 

inf a"(/io) = 0. 
(H2) /3(0) = 13' [Q) = 13" {Q) =0, (3e C°°(R,M). 
(H3) There exists a p G (1, oo) such that for every k = 0,1, 



jk 



< |y|p-fc-l if|^;|>l. 



(H4) There exists an open interval O C (0, +oo) such that hou — (3{\u\'^)u = —uu 

admits a C^-family of ground states ^^^(x) for u E O. 
(H5) -t\m\l..^.>QiorueO. 
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(H6) Set L+ = ho + uj- (3{(i)l) - 2(j)l(3' . Then ker(L+) = and L+ has exactly 
one negative eigenvahic, which is simple. 

By [ShS] the map ^ 0^ G i^^M) is and by [Wel,GSS] (H5) yields orbital 
stability of the ground state e"^*(/)t^(x). Here we investigate asymptotic stability. 
We need some additional hypotheses. In §2 we introduce the linearization Hi^. By 
standard arguments ae{Hi_j) = U± ± (a; + a{ho)). In particular ae{Hi_j) is a, finite 
by (HI), union of intervals. We call thresholds of H^^ the numbers in M which are 
extremes of these intervals. 

(H7) Let be the linearized operator around e**'^(/)t^, see (1.3). Then has a 
certain number of simple positive eigenvalues with for any j: Xj{uj) ^ ae{H^)] 
2\j{u)) G ae{Huj) and is not a threshold. does not have other eigenvalues and 
each threshold of is not a resonance for H^. 

(H8) For multi indexes m = (mi, m2, ...) and n = (ni, ...), setting A(a;) = (Ai(a;), ...) 
and (m— n)-A = '^{'>^j~nj)\j, we have the following two non resonance hypotheses: 

(i) (m — n) • X{uj) = implies m = n if \m\ < 3 and \n\ < 3; 

(ii) (m — n) • A(a;) is not a threshold of H,^ for all (m, n) with |m| + \n\ < 3. 
(H9) We assume the non degeneracy Hypothesis 5.4. 

Theorem 1.1. Let ujq E O and (t)u}„{x) he a ground state. Let u{t,x) be a solution 
of (1.1). Assume (H1)-(H9) . Then, there exist an eo > and a C > such that if 
inf^g[o,27r] \Wo — e^'^ 4>uj\\m{K.) < e < eoi then there exist G 6* G C"'^(M;M) and 
G H^{^ with llw-j-lli/i^K) < Ce such that 

lim \\u{t, ■) - e*^(*Vu.+ - e-**'*Ow+||Hi = 0. 

Theorem 1.1 is a transposition of more general results on the NLS with P{x) = 
proved for ID in [CI] and for dimensions 2 and higher in [CT,CM]. There is now 
a substantial literature on asymptotic stability of ground states of the NLS, which 
starts with work by Soffer and Weinstein [SWl-2] and Buslaev and Perelman [BPl- 
2] in the early 90's, see also [PW,Wdl,SW3]. In this decade we have also further 
work in [C4-5,TYl-3,BS,SW4,GNT,GSl-2,Ml-2]. For some results on multisolitons 
see [P,RSS]. We highlight in particular the breakthrough work [GS2], later refined 
and extended in [C1,CT,CM]. The present paper and the above references focus on 
asymptotic stability of spatially localized standing waves of equation (1.1). For a 
discussion of linear and orbital stability of spatially periodic or antiperiodic standing 
waves see [BR,GH] and references therein. 

The framework for Theorem 1.1 is, by now, classical. After breaking canonically 
solutions u{t, x) into a ground state plus a reminder, see §2, we consider an appro- 
priate generalized NLS for the reminder R, see (2.1). R can be decomposed using 
an appropriate time varying frame associated to the spectral decomposition of the 
linearization H^^^y Even though the spectrum of iH^^^i^ is on the imaginary axis, 
the continuous spectrum can be thought as stable spectrum. The discrete spectrum 
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corresponds to central directions. As a general rule the main diflBculty consists in 
showing that the discrete modes of R decay to 0, that is, in some sense, showing 
stability in the central manifold. The stabilization mechanism is known in various 
special situations and, in our opinion, is fundamentally well understood, although 
there are theorems yet to be proved. In particular, in the references listed at the 
end, the Hamiltonian structure of the NLS is not sufficiently exploited. We refer 
to [CM,C6] for further discussion on this theme. In this respect, the present paper 
presents no novelties. With hypotheses (H6-8) we consider a special case where the 
Hamiltonian structure of the NLS is exploited but which are already known in the 
literature. The novelty in this paper is that, by exploiting dispersive estimates in 
[C2] on e**^° and extending them to e'^*^'^ , we are able to develop the theory of 
radiation in the novel context involving an NLS with a linear periodic potential. So 
far the literature on asymptotic stability has treated only cases ho = -dl + p{x) 
with P{x) either or a short range potential, except for the special case on Lame 
potentials in [C3]. We generalize considerably [C3], in particular by considering 
finite energy solutions in (1.1) without imposing further decay conditions at in- 
finity for the initial datum 'Uo(x), and by easing considerably the hypotheses on 
/^dMp). Furthermore, [C3] treats only 2 bands potentials while in this paper Hq 
can have any finite number of bands. To prove Theorem 1.1 we need to use as 
[Ml-2] smoothing estimates, see also the elaborations [C1,CT]. To prove Stricharz 
estimates with Birman-Solomjak rather than Lebcsguc spaces, we need to adapt a 
well known lemma due to Christ and Kiselev [CK], see Lemma 3.1 [SmS]. 

It would be interesting to consider the case when o"(/io) has infinitely many bands, 
but in that case Hi^ can have infinitely many eigenvalues, a situation we avoid by 
assuming that a {ho) has finitely many bands. Theorem 1.1 can be generalized, see 
[CM], assuming: 

(H7') ifa> has a certain number of simple positive eigenvalues such that for any j there 
an Nj G N such that: 

i\M ^ (Je{H^) for aU £ e Z with < £ < A^^; {Nj + l)Aj(w) G ae{H^) but is 
not a threshold of H^. does not have other eigenvalues and each threshold of 
is not a resonance. We set N = maxj Nj . 
(H8') For multi indexes m = (mi,m2, ...) and n = ...), setting A(a;) = (Ai(a;), ...) 
and {m—n)-\ = '^{mj—nj)Xj, we have the following two non resonance hypotheses: 

(i) {m — n) ■ X{uj) = implies m = n if \m\ < N + 2 and |r2.| < A + 2; 

(ii) (m — n) ■ X{u) is not a threshold of H^. for all (m, n) with |m| + |n| < A + 2. 
(H9') There is an appropriate substitute of Hypothesis 4.4 and we replace Lemma 4.3 

with an appropriate hypothesis, see Hypothesis 4.4 [C6]. 

We remark that [CI] revises [C7] but is quite different from [C7]. In [C7] Lemma 
5.4 is wrong. Notice that the material in §5 [C7] can be saved proceeding as in the 
present paper. 

Notation. For s e M, := ||(a;)*tt||/,p. In particular = Lg'°. We set 
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if J 9) = Jt^* fi^)9i^)dx, with f(x) and g{x) column vectors, *A the transpose and g 
the complex conjugate of g. Sometimes we write (/, g)j., or (/, g)t to emphasize the 
variable of integration. We write (/, g)sx — f^2 ^fis, x)g{s, x)dsdx. Given x G M set 
x"*" = xVO and x~ = (— x)VO. Rh{z) = {H—z)~^. VF'^'P(]R) is the space of tempered 
distributions f{x) such that (1 - dl)''/^f e Lp{R). M" = (-00, 0), M+ = (0,oo). 
Given two functions f{x) and g{x) with values in C^, whose elements are column 
vectors, then their Wronskian is the scalar W[f,g]{x) = ^f{x)g{x) — ^ f{x)g'{x). 
A pair (r, p) of numbers is said to be admissible if (r, p) G [4, cxo] x [2, cxo] with 
2/r = 1/2 - l/p. We set ~ei = *(1,0) and ~e2 = *(0, 1). Set diag (a, 6) for the 
diagonal 2x2 matrix with (a, h) on the diagonal. Given a metric space X, /c G X 
and C X, we denote the distance of k from S by dist(/c, 5'). For a pair of Banach 
spaces X and Y we denote by Y) the Banach space of bounded linear operators 
from X to Y. S{W^) is the space of Schwarz functions. 

§2 Linearization, modulation and set up 

We will use the following classical result, [Wel,GSSl-2]: 

Theorem 2.1. Suppose that e^^^(j)t^{x) satisfies (Hl-6) and > for all x. 

Then 3e > and a Ao{uj) > such that for any ||tt(0, x) — 4>ij\\H^ < e we have for 
the corresponding solution mf{\\u{t, x) — e'"'0t^(x)||//i : 7 G M} < AQ{uj)e. 

Setting u{t,x) = e^®W(0^(^)(a;) + r(t,a;)) , Q{t) = u;{s)ds + -f{t) we get 

irt = hor + u;{t)r - /3((/.^(,))r - P' {<l>l^t))<l>lit)r 
- {4>l{t))(t>t{tf + i{t)(pLo{t) - i'^{t)d,,(f)^(t) +7(t)r + n(r,r) 



for n( 


r, r) = 


0(r2), 


n(r, r) 


= n{r,r 


). Set 




"0 1" 




" i' 




"1 " 


(71 = 


1 


, Cr2 = 


-i 


, (^3 = 


-1 



, we write 



=as[ho + uj- /3((/>2 ) - /3'{4>l)4>l] + i'r2f3'( 



The equation (1.1) is Hamiltonian, because there is a real valued function 

with I3{\u\'^)u = du{F{\u\^)) and F(0) = 0. Then -n(r,f) = drG{R) with G{R) real 

valued, G(0) = 0. For ^G'{R) = {Or, G-) we rewrite the above equation as 

(2.1) iRt = H^R + as^R + (737$ - iojd^^ + a^aiG'iR). 

Set Ho{u) — 0-3 (/lo + to) and V{lo) = H^^ — Ho{u>). The essential spectrum is 

(7e = (7e{Huj) = (Te{Ho{u>)) = U± ± (cr(/to) +0;). 

is an isolated eigenvalue. Given an operator L we set Ng{L) = {Jj>iN(L^) and 
N{L) = kerL. [We2] implies that, if {•} means span, Ng{H*) = {^^asdu,^}. 
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For each j we consider a generator e ker(f/^^ — A^) such that {^jjCrs^j) = 1. 
We expand R{t) e N^{H*^^^) into 

(2.2) R{t) = {z-^ + z-a,0 + f{t) e [5]ker(iy,(,)TA,-(a;(t)))] ®L2(iy^(,)). 

Correspondingly we express (2.1) as 
(2.3) 

iZj^j - Xj{uj)Zj^j = Pker(H^-A,)(7(^5 R)cr3R + G^^aiG' {R) 

- iZjU{u, R)d^ij + iuj{uj, R)d^P]^er(H^-Xj)R) 

iPc{H^)f - H^f = Pc{H^){^{u;, R)asR + asaiG'iR) +iu;{oj,R)d^Pc{H^)R). 

§3 Spacetime estimates for H^^ 

We hst a number of hnear estimates needed in the stabihty argument. 

Lemma 3.1 (dispersive estimates). There exists a projection tt^ : L'^ ^ 
with ['K^J,H^^] = 0, such that if we set U{t) — Ti^^e^^^'^ Pc{H^) and V{t) = (1 — 
'^uj)^^*^'^ Pc{H^) , then we have for C{uj) > semicontinuous in uj and for allt & 

mt)\\BiLl,L^) < C{t)--^ and \\VmBiLl,L^) < C\t\-^. 
The proof is sketched in §9. 

For every 1 < g < oo we introduce the Birman-Solomjak spaces 

F(Z,Lnn,n+ 1]) = {/ e Ll^iR) s.t. {||/|U,[n,n+i]}nez e F(Z)} , 
endowed with the norms 

ll/ll?.(Z,L?[n,n+l]) = ll/llL?[n,n+l] ^ l<P<00andl<g<00 
\\f\\l^{Z,L^[n,n+l]) = sup ||/||L9[n,n+l] • 

nez 

Then we have: 

Lemma 3.2 (Strichartz estimates). There exists a constant C = C{u>) upper 
semicontinuous in u> such that for any k e [0, 2] and for every admissible pair {r,p) 
we have: 

(2) ||V(t)/||^.(^^^.,.)<C||/||^.. 
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For any two admissible pairs (ri,pi), (r2,P2) we have: 



(3) 



(4) 



U(t — s)g{s)ds 



<C\\g\ 



^,Lli[n,n+l],W^''''^) 



V{t-s)g{s)ds 



<C\\g\ 



k,p' 



Lemma 3.2 is a consequence of Lemma 3.1 and an adapted TT* argument, see 
Lemma 3.1 [CI] and see §9 for the proof. 

In §7 we prove the following Kato smoothness result: 

Lemma 3.3. Fix r > 3/2, then: 

(1) there exists C — C(t, a;), upper semicontinuous in ui such that for any £ ^ 

\\RHS^ + ie)Pc{H^)u\\j^,^j^2^,-. <C\\u\\li; 

(2) for any u e L^'"^ the following limits exist 



lim (A ± i£)w = R% {X)u in C^{ae{H^), Ll'^); 

e\0 



(3) we have 



\R%{X)P,{H, 



\b{lI'\l''-- 



)<C(A)-^; 



(4) given any u e L^'"^ we have 



2m 



{RJj {X)-Rh {X))udX. 



Claim (1) is proved as inequality (4) in Proposition 7.1. Claim (2) is proved 
as formula (12) in Proposition 7.1. Claim (3) is a consequence of the proof in 
Proposition 7.1. The limiting absorption principle Claim (4) is Lemma 7.6 below. 

Lemma 3.4. For any k and r > 3/2 3 C = C{t, k,u>) upper semicontinuous in uj 
such that: 

(a) foranyfeS{R), 

(b) for any g{t,x) eS{R'^) 



e''"-Pe{H^)g{t,-)dt 
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<C\\g\\L2Hkr. 



Proof. By Proposition 7.1 below, it is enough to prove Lemma 3.4, as well as 
Lemmas 3.5-6 below, for k = 0. (a) implies (b) by duality: 

|(/,cT3 / e''''-Pc{iv)9it)dt),\ = \{{x)-^e-''"-P,{H^)f,a,{xrg)t,.\ 
Jr 

< \\e-^'''-Pc{H^)fhfLl'-49\\LfLl'^ < 
We now prove (a) for k = 0. Let g{t,x) E ^(M^) with g{t) = Pc{H^)g{t). Then 
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1 



'2m 
)+ 



(i?+JA)-i?^JA))/,c73?(A)) 



Then from Fubini and Plancherel and by (1) Lemma 3.3 we have 
We have 



lim URhA^ + is) - RhA^ - ie))f\\p,-.Ll{a,iH^))- 



It is enough to prove Lemma 3.4 for / = Pc{H^^)f. Then 

||i?H.(A + Z£)/||,2.-.^.(,^(H.)) < C||/ll^^ 

for any e^O and fixed C follows from inequality (4) in the proof of Proposition 8.1 
below. 

Lemma 3.5. For any k & N and r > 3/2 3 C = C{T,k,u!) such that V g{t,x) e 



f e-'^'-'^''-Pc{H^)g{s,-)ds 
Jo 



T 2 ZTk,—T 



<C\\9\\l?h!;^- 



Proof. By Plancherel and Holder inequalities and by (3) Lemma 3.3 we have 

II [\-'^'-'^''-PciH^)g{s,-)ds\\^,^ 
Jo * 



- 2 r 2,-T 



^ \\RhJ^)Pc{Hu>)X[o,+oo) *A?(A,a;)||^2^2,-x 



< 



\\RHj>')PciHu,)\\B(Ll'\Ll'--)\\X[0,+oo) *A?(A,a;)||^2 



T 2 



^II^J„(A)^^c(-f^'(u)|lL^(K,_B(L2.-,i2.-r))||^||^2^2,x < C||^||^2^2.r. 



Lemma 3.6. For any k & N and r > 3/2 3 C = C{r,k,u}) such that V g{t,x) e 



(1) 
(2) 



/ U(t-s)g{s,-)ds 

Jo 

I V{t-s)g{s,-)ds 
Jo 



L'^ Llm'^iZ,L^{[n,n+l],W£''^)) 



Proof. For g{t,x) e ^(M^) set 

r+oo /" + 00 

Tig{t) = U{t- s)g{s)ds and T2g{t) = / V{t - s)g{s)ds. 

Jo Jo 

Lemma 3.4 (b) implies / := e^^^" Pc{H.ij)g{s)ds e L^. So in particular tTj^/ 
and (1 — TTj^)/ belong to L^. For (r,p) admissible we have 



\\T2gmL^,Li < \\{i-^.)f\\Li < \\g\\^Ll'^- 
We get as a direct consequence of [CK], Lemma 3.1 [SmS]: 



V{t - s)g{s)ds 



Our next claim is that 



U{t — s)g{s)ds 







^2'-(Z,Lf ([n,n+l],Lg)) 



For (r, p) = (oo, 2) this follows from [CK]. The case (r, p) = (4, oo) follows from 
an extension of to Birman-Solomjak spaces of the result in [CK] which we prove in 
section 10. 

§4 Nonlinear argument for system (2.3) 
We use the multi index notation = Y[j ■ We consider the Taylor expansion 



\m+n\=2 



\m+n\=l 



with Rm,ni'-^jx) cind ^^^„(a;,a;) real vectors and matrices exponentially decreasing 
in X. We have 

mini mini 
We set 5j = {5ji, 5j2, ■■■) with 5jk the Kronecker delta. We have 

where G*^^^ (0) is written as a symmetric trilinear form and where one of the vectors 
of the triple is ^g. We have 



a,.a,,G'(o)oPe(iyc.) = 7^44^G'(')(o)(e,-,e£,Pc(iyu,)). 



For Oioc{z'^) = C)/oc(|-2£ 1), (2.1) can be expressed as 



(4.1a) 



and 



(4.16) 



\m+n\=2 

\m+n\ = l 



\m+n\=2 

+ Z^Z-R'n^lni^)+ E Z^ A^A^)f) + Oif) + Oioc{z^) 

|m+n|=3 |m+n| = l 



with the Ajn^ni'^) -Rm,n(<^) the same of the expansion of a3aiG'{R) and with 
the i?^^n(<^) real and exponentially decreasing vectors. We have: 

Lemma 4.1. For any Ci > 3 e(C'i) > and C{Ci) such that if, for < e < 
e(Ci), we have ||-2j||l°°(o,t) + INj |li4(o t) — for all j, then 

II/IIl?((o,t),h^'-2) + ll/llLf((o,T),i,-)nL-((o,T),iri) < C(Ci)e. 

Proof. Notice that IkjIU^ + 11/11 Lj^i/i < coe for a fixed cq is a consequence 
of orbital stability, Theorem 2.1 above. In this proof we set Pc(<^) = Pc{Hu:)- We 
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split Pc(<^) = P+i'^) + -P-(^)) with P±{cj) the spectral projections in R± D ae{H^), 
see Lemma 8.13 below. Wc now rewrite the equation for /. By orbital stability, 
Theorem 2.1, we can fix loq such that \u>{t) — a;o| = 0{e) for all t. Following [BP2] 
we set 

ift = {H^o + (7 + ^ - a;o)(P+(a;o) - P-M)} PcMf 
+ Oioc{ef) + 0{f) + Oioc{z^) 

where Oioc{ef) = + oj - ojq) {Pc{ojo)(T3 - {P+M - P-M)) f 
+ (Viuj) - VM) / + (7 + a; - a;o) iPci<^) - PcM) (Tzf- 

with V{u) the localized matrix potential defined under (2.1) and where the notation 
Oioci^f) is justified by the fact that uj — ujq = 0(e) and for any pair Si, S2 G R there 
is Cs^^sjI"^) upper semicontinuous in to, see Lemma 8.13, such that for j — 0,1 

\\Pc{uj)a3 - (P+iu;) - P_(a;))||^,,.i^^i.«2 < Cs^,s2i^) < ^ 
where the case j = 1 follows from j = applying and interpolating. We have 

ll/||Lf((0,T),L-) ~ \\PcMf\\Ll{{0,T),L^) by 

I|/IIl6((0, T),L^) = ||-Pc(<^o)/||l6((o,t),L^) + II {Pc{<^) - -Pc('^o))/||Lf((0,T),L^) 
= \\Pc{l^o)f\\L^({0,T),L^) + 0(e)||/||i,6((o^T),i,oo) 

For 

(4.2) U±{t,t') = e-^(*-*')^-oe±^-/'t' dr(7(r)+u,(T)-a,o)p^(^Q)^ 

we have 

P±Mf{t) = U±{t, 0)/(0) + f U±{t, t'){Oioc{ef) + 0{f) + Oioc{z'))dt'. 

Jo 

We set Oiocief) + 0{f) + Oioc{z'^) = X + 0{f). Let tt = tt^^ be the projection in 
Lemmas 3.1-2 and tti = 1 — tt. By (l)-(2) Lemma 3.2 and interpolation we have 
for a fixed cq{u3q) 

l|t/±(t,0)/(0)|La((o,T).LS=) < l|t/±(t,0)/(0)|La^^. < 
\\U±{t,Q)7,fmW,Lr{[n,n+l],L^)) + (t, 0)7ri/(0) || 

X ||t/±(t,0)7ri/(0)||i^^^, < co(cc;o)||/(0)||iji < co(a;o)6. 
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Similarly, by (3)-(4) Lemma 3.2 and interpolation we have 



U±{t,t')0{f)dt' 



< 



X 



+ 



i?((0,T),L-) 

1 

3 



U±{t,t')mO{f)dt' 



I U±{t,t')7,iO{f)dt' 

Jo 

X[o,T] I U±{t,t')7rO{f)dt' 
Jo 



L-((0,T),i/i) 



,L-([n,n+l],L-)) 



By Lemma 3.2 both terms in the right are bounded by ||0(/^)||ii((-o,T),Hi)- So by 
Lemma 3.2 and H51der inequality we have 



^0 



U±{t,t')0{f)dt 



L6((o,T),L-) 



< Co||0(/^)||ii((o,T),Hi) 



~ ll/llif((0,T),L-)ll/IUr(0,T)Hi <e^- 

In a similar fashion, by Lemma 3.6 and by (1) below we have 



U±{t,t')Xdt' 



< 



CoMII'^|Il2((o,T) 



Lf((0,T),L-) 

We claim we have 

(1) ll'^llLfH^^^<cH(e' + ll/lli.Hi.-)- 

Indeed X = Oioc{ef) + Oioc{zf) + OiodP) + Oioc{z^) with 

\\Oloc{ef)\\Hl'^L^ < e||/|li,2Hi.-2 ; \\Oloc{zf)\\HyL? ^ \\4oo\\J\\l2h1,-2; 



Hence (1) is correct. Let now f = g + h with 

igt = {H^,+e{t){P+{uo)-P-{iVo))}g + X, g{0) = /(O) 
iht = {H^,+miP+M-P-M)}h + 0{f), h{0) = 0. 

Then, by Lemmas 3.4 and 3.5 we get for a fixed cq 
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.1,-2) 



Finally by Lemma 3.4 

J 

< [ \\0{f){s)\\H^Js<e'. 
Jo 

This yields ||/i||£,2(^(o t) h^'~'^) ~ ^^'^ completes the proof of Lemma 4.1. 
Having obtained Lemma 4.1, we rewrite (4.1a) in the form 

ift = {H^o + (7 + ^ - <^o)iP+M - P-M)} f 

\m+n\=2 \m+n\=l 

+ (7 + a; - a;o) {PcMas - (P+M - P-M)) f + (Via;) - VM) f 
+ (7 + a; - a;o) (Pdu;) - PcM) a^f + 0{f) + Oioc{z^) 

\|m+n|=2 |m+n| = l 

We then set 

(4.3) /2 = /+ Ri^J{m-n)-X{u;o))Pc{H^o)Rm,nH^'"^"- 

\m+n\=2 

We will need below: 

Lemma 4.2. Assume the hypotheses of Lemma Then for s > 1 sufficiently 
large we can decompose /2 = /ii + /i2 + ^3 + ^4 with: 

(1) for a fixed co{uJo), \\hi\\^2^2,-s < co{u;o)\\f{0)\\m < co{uJo)e: 

(2) for a fixed ci(wo), ll^2||^2^2,-s < ci{u)o)\z{0)\'^ < ci{ijJo)€^; 

(3) ||/i3||^2^2,-. =0(e2); 
U) 11/^41^2^2,-. = 0(e2). 

Proof. The proof is basically that in §4 [CM] . We have schematically 

idtP,{H^,)f2 = (H^o + (7 + ^ - ^o)iP+M - P-M)) PciH^o)h+ 
+ J2 0{\z\^) R+^^{{m - n) ■ X{ujo)Rm,nM 

\m+n\=2 

+ Pc{H^,) {o{l)Oioc{\z\^) + oil)Oioc{f) + Oif)) . 

12 



For hi{0) = /(O) let 

idtihi + h2) = {H^, + (7 + a; - ^o){P+ - P-)) {hi + /i2), hi{0) + /i2(0) = ^(O). 

Then (1) follows by Lemma 3.3 applied to P±{LiJo)hi{t) = U±{t, 0)/(0), with U±{t, s) 
defined in Lemma 4.1. To get (2) we observe that for a constant C = C(A, loq) upper 
semicontinuous in uq and in A > a;o we have 

(5) \\U±{t,t')R+JA)P,9\\^.,-s < C{t-t')-^\9hl-^ ' ^ > ^0- 

The weighted estimate (5) can be proved proceeding along the lines of the proof 
of Theorem 2.4 in pp. 135-6 [C3] using the estimates for the Jost functions in 
Lemma 9.1 and the representation in Lemma 9.11. Then (5) implies (2) by /2(0) = 
E|m+nN2^^^o'^(™-")^K))^m,nK)^"'(0)^"(0). Next we define hs{0) = and 

idtPc{H^,)h^ = (H^, + (7 + a; - a;o)(P+(a;o) - P-M)) Pc{H^,)hz^ 

+ P,{H^,) (0(e)0;„e(kl') + O{e)0ioc{f) + 0{p)) . 

Then (3) follows from the argument in Lemma 4.1. Finally we set /t4(0) = and 
idth^. = {H^o + (7 + a; - ajo){P+{ajo) - P_(a;o))) h4 

+ 0{\zf)R+^^{{m-n)-X{iJo))Rm,nM- 

\m+n\=2 

Then we have = '^_^ h4± with 

hA±{t)= V / U±{t,t')0{\z{s)f)R+ {{m-n)-X{uJo))Rm,nMdt'. 

\m+n\=2''^ 

By (5) we get ||/i4±(^)||£,2.-« < Ce J^it - t')-^z{t')\^dt' and so ||/i4 11^,2^2.-. < 
e||2;||^4 = 0{e^). This concludes the proof of Lemma 4.2. 

By substitution of (4.3) in (4.1b) we get 

\m+n\=2 \m+n\=3 

-EE ^"^+"^'^"+"'^m',n'((^)i?i„^((m-n)-A(u;o))Pc(i^c.)i?m,n((^) 
\m'+n'\ = l \m+n\=2 

+ E Z^Z^Am,n{^)h+0{f)+OUz'). 
\m+n\ = l 
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Here recall PkeT{H^-\ ) = Cj( jCTsCj)- By standard normal forms arguments there 
exists a change of variables Q = -^j +X)|m+n|=2^'j,m,n('^)-z"^^'^ with Qpj,m,n = for 
|m + n| =2 such that below we have Saj,^(a;) = and 

(4.4) ^ 

where Oioc{Cf2) = Ei Oioc{Qf2). Applying ( , as^j) to (4.4) we get 

e 



(4.5) 

- > \G\XdAnUuj]Rl 



Recall that '^aj^i{ijj) = 0. Then multiplying (4.5) by (j we get 

^|ior = - E + o(i)) ionop+ 

(4.6) 2dt Y 

+ »[<7(Ozoc(C/2) + 0{f) + OiociC), ^3^] 

where we use uj — = 0{e), 

and the continuous dependence in co of Ao,5^(u;), Rs^+Sj,o{^) and Pc{Hi_j). We have: 
Lemma 4.3. We have for hj^i{uj) = asaiG^^\0){^j, Pc{H^)) 

^^■'^(^) = (J. + j^)! ^^^^^ ~ ~ A^)/ij,^(a;),c73V(a;)) > 0. 

The proof is in Lemma 3.4 [C6]. We assume the following, which by 2Xj{u!) > u 
for any j looks like a generic condition: 

Hypothesis 4.4. We suppose that Vjj{u)) > for any j . 

Integrating (4.6) in an interval [0, t] we get 

c'oE TiGf + Ek^(^)iV2< 

j -'^ 3 

<ElO(0)lV2 + ci (^E/lOl'j \\h\\LlLl^-^+0{e% 
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By Lemma 4.2, ||/2||£,2^2,-s < C2e for ci ^ 1. Then for a fixed c 1 

t 

f\-j\' + j:\'M'<ce'. 

The proof that, for = {h{t),h{t)), h{t) is asymptotically free for t — > oo, 

is similar to the analogous one in [CM]. For U±{t,t') defined in (4.2) we have for 
h < h 

\\U{0,h)f{t2)-U{0,h)f{h)\\Hi < 

\\f\\Lmt^,t2)M'-^ + \\fhH{t„t2),L^ + \z\LHtr,t2) for h oo. 

Then consider w+ = P+{u!o)w + P-{u!q)w with P±{u!q)w = limt^oo U±{0,t)f{t). 
We have 

hm ||Pe(a;o)/(t)ILs.- = lim 0) + 0))PeM/(0)|U2,-2 = 

with the second equality true for any /(O) G . For Paioj) = 1 — Pcioj) we have 

||Pe(c^0)/(0 - /(OIIhi =\\{Pd{0j) - PdM)f\\Ll 

<|a;-a;o|||PcM/(OllLS.- ^ ll^c(a;o)/(t)IL^.- ^ 0, 
as t — > oo. Combining the above we have for 9{t) = dT{'y{T) + a;(r)) 

lim ||/(t)-e^[(*-o-e(t)+e(o)](P+(c.o)-P-(c.o))g-itiJ.o^+||^i =0. 
Consider the strong limit W{ujo) — limj/'oo e**^"o e~**^'*°+'^°)'^3 ^nd set 

Notice that since e**'^"'^^ is a unitary matrix periodic in t and e**'^°'^3-R+ describes 
circle in L^, we have 

t— >+oo ^ 

Since VF(a;o) conjugates i/^^Q into as{ho +a;o), we get 

^{itu>o+ie{o)){P+{wo)-P-{u>o)) ^-itH^^ _ e~**^'^o VF(a;o)e**'*'°^^i?+. 
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Hence the last two limits and the definition of imply the limit 



lim 

t— >+oo 



= 0. 



HI 



Since R{t) = J2j{^j{'t)^j{^{t)) + + f{t) and since limtz-oo Zj{t) = 0, 

it follows that 

(1) lim e'^^^^''^R(t)-e-'^''°''^R^ =0. 



HI 



Finally, by the same argument of [BP2,BS,CM] lim^yoo '^(^) = for some u>+. 
Hence expressing (1) in components we obtain Theorem 1.1. 

§5 Review on Block functions for ho 

By hypothesis for a (ho) there exist Aq = < A:[ < < ... < A~^ < A+^ < oo 
such that 

a(M = u;°o'[4'^7+i]uKo,oo). 

The sets {Aj,Aj') for j = 1, ...,no are nonempty spectral gaps. For j > we set 

af = \J A"^. For j < 0, = —a^j- For any E e C\[0, oo) there is a unique 
k e C+, called quasimomentum such that h^u = Eu has a solution of the form 
(l)±{x,k) = e^'^^^m±{x^k) with TO±(a: + 1, A;) = m±{x,k) and m±(0, /c) = 1. The 
correspondence E k{E) is a conformal map from C\[0, oo) into a set 

/C = C+\(U^° 1 i[nij)7T, nij)7T + ihj] U [-n{j)7T, -nO> + ihj]) 

with n{j) strictly increasing for j = 1, ..,no and hj > 0. We set T = {±Tvn{j) : j = 
1, ...,no}. The inverse map E — E{k) extends in an even map M\T — > a"(/io). We 
have 

E{7rn{j) ± 0) lim E{n{j)7r ±s)= TrAf. 

E{k) defined in ]7rn(j), 7rn(j + 1)[ extends continuously in [7rn(j), 7rn(j + 1)]. Same 
holds for [7rn(no), oo). We consider the solutions ^(x, k) and <^(a;, k) of Hqu = E{k)u 
which satisfy the initial conditions (p{0, k) = 6' {0, k) = and (p'{0,k) = 9{0,k) = 1. 
Then 



:{x,k) — 9{x,k) + {k)ip{x, k) with {k) = 



(p'{l,k) -9{l,k) , . sink 



±i 



For real k e M\T we have (t>±{x, k) = (f)zp{x,k). Set now 



N^{k)= / (j)+{x,k)(j)^{x,k)dx. 

'0 
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Then N^(k) > for e M\T, with N'^{k) bounded away from near T, and 
N'^{k) for all k E JC, see for instance §2 [C2]. Then there is an a > such 
that there is a well defined holomorphic square root N{k) for k E IC with $5/c < a. 
Notice that the restriction < a is due to monodromy issues. We extend N{k) ^ 
also for Qk > a, possibly as a discontinuous function. Then we introduce functions 
m^(x,fc) = ml{x,k)/N{k) and 0^(a;,A;) := e±^'=^m^(a;, /c). The following fact is 
well known. 

Theorem 5.1. The functions (f)'^{x,k) are analytic in k & M\T and for !Fhof{k) = 
J^(f)'^{x,k)f{x)dx we have: 

(a) f \f{y)?dy= f iJ^Um^dk; 

(b) f{x)^ [ ct{x,k)ThJ{k)dk; 

Jr 

(c) J'ho (hof) (k) = E{k)J^hof{k) for k G R\T- 

(d) e'^^'^{x,y)^ [ e'^^^^^^-^''-y^^^m^_{x,k)m%{y,k)dk. 

Jr 

In the sequel g{k) = dkg{k)- Korotyaev [K] proves: 

Lemma 5.2. Consider E{k) for k G [7rn(j),7rn(j + 1)]. Then E{k) = for k = 
n(j)7r, n(j + l)7r andE{k) > in]irn{j),'n-n{j + l)[. In [7rn(j), 7rn(j + l)] the equation 
E{k) = admits exactly one solution kj. We have kj G]7rn(j),7rn(j + 1)[ and 
Eikj) ^ 0. We have E{k) > in ]7rn(no), oo) and E{k) > cq > m [7rn(no), oo) 
for some cq > 0. 

Notice that E{~k) = E{k). 

Theorem 5.3. Set e'*^° {x, y) = U{t, x, y) + V(t, x, y) with 

U{t,x,y)= I e'^*^^''^-^''-y^''^m^_{x,k)ml{y,k)dk 

J |fc|<7rn(no) 

V{t,x,y)= I e'^'^^^^-^''-y^^^m''_{x,k)ml{y,k)dk. 

J \ k\>iTn{no) 

Then \U{t,x,y)\ < C{t)-^ and \V{t,x,y)\ < C\t\-^ . 

Assuming Lemma 5.4 below, the proof is in [Fl]. In [C2] Theorem 5.3 is extended 
to the case of infinitely many energy bands. In the case of finitely many energy bands 
we have: 
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Lemma 5.4. For all a &NU {0} there are constants Cq, > such that for (x, y) e 
and for k ^ ±n{j)7r, j = 1, uq, we have 



\d^{ml{x, k)m'_{y, k) - 1)\ < C^{k)-'-". 

Proof (sketch). Cases cu = 0, 1 are stated and proved in [C2] in the case of a 
generic periodic potential P{x), i.e. all gaps non empty. The case with finitely 
many bands is much easier. In the finite bands case, there is an M > such that 
the a = case is valid for all complex k with \k\ > M. Here we are using the 
fact that m^{x, k)m^{y, k) is holomorphic in /C U K)* U (M\T), see [C2] and where 
2; e /C* if and only iiz&lC. The inequalities for a > 1 hold by the Cauchy integral 
formula. 

In the sequel we will set WQ{k) = W[(j)^{x,k),(j)^{x,k)]. 

Lemma 5.5. For k 7^ ±n(j)7r, j = 1, ...,no we have E{k) = —iwo{k). 

Proof The formula E{k) = is formula (3.1) [F2]. By direct compu- 

tation W[(l)^{k), (p'^{k)] = i^^^^Yky- So Lemma 5.5 follows by the normalization in 
the definition of (j)'^{x,k). 

§6 Addition to Hq of a small potential q{x) e Co°(R) 

We consider the operator h = Hq + q{x) with q{x) e Cq^(R) small. We consider 
solutions f±{x, k) = e^*'^^m±(a;, k) of hu = E{k)u with 



m+{x,k) m-{x,k) 

(6.1) hm — — = 1 = hm — — . 

(a;, k) m_ [x, k) 

Lemma 6.1. Assume that q{x) G C^(M). Then for any k E IC the equation 

/•±oo 

(6.2) m±{x, k) = ml{x, k) - e^'^^''-^^ A{x , t, k)q{t)m±{t, k)dt, 

J X 



(6 3) with A(x t k) - <i>ii-^kmt,k)-rix,kmt,k) 

(6.3) wzthA{x,t,k).- W[<l>l{;k),<l>^_{;k)] 

has a unique solution m±{x,k) such that f±{x,k) ~ e^^'^^m±{x^k) solves hu ~ 
E{k)u with the asymptotic property in (6.1). There is a constant Cq such that for 
some a > 
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(6.4) 



\m±{x, k) — mj_(x, k) \ < Cq{k) "'^niax(l, =l=x) 

|a^m±(x,/c)| < Cq(/c)"^max"+^(l,Tx) for n ^ 1,2 and ^k < a. 



Furthermore we have continuous extensions for k G [7rn{j),7rn{j + 1)], for k e 
[7rn(no), oo), for k G [—Tvn{j + 1), — 7r?i(j)] and for k G (— oo, — 7rn(no)] where the 
above estimates continue to be satisfied. 

Notice that estimates for f±{x,k) are also in [F2]. Set 

n f +\- Af + ^^ -iKx-t) _ fc)m° (t, k) - e-^'^^''-^^m^_{x, k)m\{t, k) 

Vk[x,t)-A[x,t,k)e - W[<l)<l{x,k),<P''_ix,k)] 

Then Lemma 6.1 foUows from standard arguments, see Lemma 1 [DT], by the 
foUowing lemma: 

Lemma 6.2. Let t > x. Then we have the following for a fixed C > 0; 

(1) \Dkix,t)\ < C{k)-^ for \k\ >nn{no) + l ; 

(2) \Dk{x,t)\<C{x-t); 

(3) \Dk{x,t)\ < C{x -t)'' for Dk{x,t) = dkDk{x,t); 

(4) \Dk{x,t)\ < C{x -tf for Dk{x,t) = dlDk{x,t). 

(1) follows from Lemma 5.4 which yields a bound \m^{x,k)m'^{t,k)\ < C for 
a fixed C and WQ{k) 2ik for |A;| cxd. wo{k) = iS k = ko ± for ko G T. 
By Lemmas 5.2 and 5.5 wo{kQ ±0) 7^ 0. So |t(;o(^)| ^ dist(/c,T). For fixed t > x 
consider xi.ti G [0, 2] with Q <ti — Xi <t — x and t — x = ti — Xi+L with L eN. 

Then we can set Dk{x,t) = D''^\x,t) + Df\x,t) with 

^(1)^ , mO.(a;i,A;)mO(ti,/c)-e2^fe(*i-^i)mO(a;i,A;)mO(ti,A;) 

D) '{x,t) = — 

" WQ{k) 

1 2ikL 

D^^\x,t) = e^^fefti-^i) ~ ^ m'Lixi, k)ml{ti, k). 

Wq[K) 

D^^\x,t) satisfies (l)-(4). Indeed Lemma 5.4 yields bounds on m° (a^i, A;)m^(ti, k). 
Similarly, one can bound using |iyo(^)| ^ dist(A;,T) and the fact that, for k 

near ko G T, then wo{k) for k > ko resp. for k < ko admits an analytic extension 
defined around ko, see [C2,F1,F2,K]. Finally we claim that \d]^D'^\x,t)\ < C for 
\n\ < 2 and a fixed C. For k large this is a consequence of wo{k) = iE{k) ^ 2ik 
and the estimates on E{k), see [K], and Lemma 5.4. For ko & T and kg = ko±0 



e'''°''ml{x,k^) = e-'''°''m°_{x,k^) and e'''°''ml{x, k^) = e-'''°''m^_{x, k^). 
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Then both numerator and denominator in the fraction defining Dj^ {x,t) are for 
k = ko ± with fco € T. Since, once again, these are functions admitting analytic 
extensions on fixed neighborhoods around ko, one obtains the desired estimates 

\d]:Di}\x,t)\<c. 

Lemma 6.3. There exists q{x) G C^(M) so that for all k E T with k > we have 

(1) q{x)\m'l{x,0)\'^dx>0 
Jr 

(2) T / g(x)|m^(x, k ± 0)\'^dx > for all k e T with k > 0. 

Jr 



Proof. m^(x, /c ± 0) ^ for all k E T. Since a"(/io) has finitely many bands, the 
potential P{x) is analytic, and hence also the m^(x,/c) are analytic in x. (2) can 
fail if and only if |m'|_(-, ki+0)\ = |m*]_(-, /c2 — 0) | for two /ci, A;2 > in T. The latter 
is the same of |(/)^}_(-, ki + 0)| = |(/)^}_(-, /c2 - 0)|. Notice that E{ki + 0) E{k2 - 0), 
so one of them is nonzero. It is not restrictive to assume E{k2 — 0) > 0. Notice 
that (f)%{x, ki + 0) and (l)'^{x, k2 — 0) are real valued for a; e M. Indeed, for instance, 

by definition 4)\{x,ki + 0) = ^°_{x,ki + 0), see (2.5) [C2], wo{ki + 0) = implies 
^%{x,ki + 0) = C^°_{x,ki + 0) for a fixed C and by definition 0^(0, /ci + 0) = 
0° (0, A;i + 0) = 1. By E{k2 - 0) > the function (p^{x, ^2 - 0) has infinitely many 
zeros (if it has 1 it has infinitely many since (f)'^{x,k2 — 0) = e'^'^^^m'^{x, k2 — 0) 
with m^|_(x, /c2 — 0) periodic in x, if it had none 4>^{xj /c2 — 0) would correspond to 
E{k2) = 0). We choose two points a < b with (^^{_(a, /c2 — 0) = (/>4_(6, /c2 — 0) =0 and 
0+(x, A;2 - 0) 7^ for a < a; < 6. |(/)^(-, ki + 0)\ = k2 - 0)| implies the same 

statement for (f)^{x, ki + 0). But then they are both ground states for the Dirichlet 
problem in [a, b] for the operator h. Then (/>^(a;, ki + 0) = C(f)'^{x, k2 — 0) for fixed 
C, but this is impossible by E{ki + 0) ^ E{k2-0). 

We pick q{x) e Cq°(M) small as in Lemma 6.3. By [FK] we have that a{h) = 
a{ho), and in particular h has no eigenvalues. Furthermore there are no resonances, 
that is there are not nonzero solutions of any of the equations hu = A^u for j > 
with u G Combining the asymptotics in Lemma 6.1 and the analysis of the 

thresholds in [FK] we conclude: 

Lemma 6.4. For the Wronskian we have W[f+{k),f-{k)] ^ for all k and 

W[f+{k),f_{k)] ^ 2ik for \k\ oo. 
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There are equalities 



(6.6) 



f±{x, k) = f±{x, -k) , T{k) = T{-k) , R±{k) = R±{-k) 
\T{k)f + \R±{k)f = 1 , T{k)R^{k) + R^{k)T{k) = 



with T{k) and R±{k) smooth functions for k e M\T with smooth extensions in 
[7rn{j),7rn{j + 1)], [7rn(no), cxd), [— 7rn(j + 1), — 7rn(j)] and (— oo, — 7m(no)] and with 
T{k) = for all /c e r and T(0) = 0. For q{x) small 

(6.7) \[T{k) - + |i?i"'^(/c)| < 6/{k) for |m| < 2. 

Next define 

r -^T(k)f+(x,k) for k>0 

Then by standard arguments (partially repeated in the proof of Lemma 8.12) we 
have the following version of Theorem 5.1 for h. 

Lemma 6.5. For !Fhf{k) '■= j^'4>{x.,k)f{x)dx we have 

(a) / \f{y)?dy^ f \Thfm^dk 



(b) f{x)= / t(;{x,k)J^nf{k)dk 

JR 

(c) Th{hf){k) = E{k)Thf{k) 

(d) e'"'{x,y)= f e'*^^''^{x,k)iP{y,k)dk. 

We have: 

Lemma 6.6 (dispersive estimates). Set e'^^^{x, y) = U{t, x, y) + V{t, x, y) with 
U{t,x,y)= I e'*^^^^'^{x,k)'4^{y,k)dk 

>/ |fc|<7rn(no) 

V(t,x,|/)= j e'^^^^^{x,k)'4}{y,k)dk. 

J |A;|>7rn(no) 
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Then \U{t,x,y)\ < C{t)-^ and \V{t,x,y)\ < C\t\-^ for a fixed C > 0. 

For U{t,x,y) the argument is the same of Theorem 5.3. Turning to V{t,x,y), 
the proof follows along the lines of Lemmas 2.4 and 2.5 in [Wd2] using [C2], so 
we give a short sketch only. Let ^(/c) the characteristic function of the set \k\ > 
nn{no). Set (p±{t,x,y) = 4± e'^^^^^{x,k)tl){y,k)q{k)dk. Split (t)± = + (f)^^^^ 
distinguishing large and small k in the integral. To fix ideas let us consider only 
4){t,x,y) = 27r(j)'^^^{t,x,y) = 2n e^*^^^^{x, k)^{y, k)ip{k)dk with (p a smooth 
increasing function equal to near 7rn(no) and equal to 1 near +oo. It is not 
restrictive to assume x < and y > since with different signs we can use (6.6) as 

in [Wd2] . Then (j) = -\- (j)2 with the defined below. We have = ^^^^ + 0^^^ 
with 

4>^^\t,x,y)= [ e''^^''^+'''^''-y^m°_{x,k)ml{y,k)<f{k)dk 

Jr+ 

4>'i\t,x,y)= [ e'*^^''^+'''^''-y^m'Lix,k)ml{y,k)<f{k){\T{k)\'^ -l)dk. 

The proof of \(j}^i\t,x,y)\ < Ct~^ follows from the arguments in the proof of 
Lemma 4.3 in [C2] which in part we repeat now to prove \(j)^^\t, x,y)\ < Ct~^. 
We extend E{k) outside the support of Lp so that is a strictly convex smooth even 
function on R. Let p{k) = E{k) + ikt~^{x — y). Let /cq be the unique solution of 
p{k) = 0. For xit) a cutoff supported near t = 0, we insert the partition of unity 
xik — ko) + (1 — ~ ^o))- Correspondingly set (p^^^ = (pi''^^ + </>i^'^'* with 

= / e''^^''^+'''^''-y^m'L{x,k)ml{y,k)ip{k){\T{k)f -l)x{k-ko)dk 

(1 2) 

and (f)i ' defined similarly but with (1 — x{k — ko)). Then by stationary phase 
(j)\^'^\t,x,y) <Ct-^. Set = p{k)-p{ko). Then 

= e^*P(^°) / e'^'^' p{q)dq where 
Jm 

p{q) = m^_{x,k{q))ml{y,k{q)Mk{q)){l - x{k{q) - komT{k{q))\^ - l)dk/dq. 

Then \(j)i''^\t^x^y)\ < Ct~^\\p{q)\\H^. Inequality < follows by Lemma 

5.4, by (6.7) and by ||(1 - xIHi) - ko))dk/dq\\H^ < oo, Lemma 4.9 [C2]. We have 

Mt,x,y)= [ e''^(''^+"'^--y^\T{k)\^g,,y{k)p{k)dk with 

Jr+ 

9x,y{k) = m_(x, k)m+{y, k) - m° (x, k)m\{y, k). 

Then also \(j)2{t,x,y)\ < Ct~^ by (6.4) and proceeding as above. 
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§7 Wave operators and partial diagonalization for H^^ 

We write = a3{h + uj) + B*{uj)A with A{x) = {x)~^ with r > 3/2 and B*{x,uj) 
a function in {x, ou) with values in the space of 2 x 2 real valued matrices. For 
any to in some compact set K there is a constant c{K) > and a > such that 
|e«I^IS*(a;,w)| < Cm{K) e M. We have: 

Proposition 7.1. Assum,e that does not have resonances at ±uj and ag{Hi_j) 
does not contain eigenvalues. Then there are isomorphisms inverses of each other 
W{u!):L'^ — >• L'^{H^j) and Z{uj): L'^^H^^) — > L^., defined as follows: for u e L^., and 
V such that a^v e L'^{H^^), 

1 f+°° 

{Wu, v) = (w, v) + lim_ — J (Aiders (/i+o.) (A + ie)u, BRh* (A + ie)v)dX; 
forue Ll{H^), V e Ll, 

{Zu,v) = {u,v) + lim — / {ARH^{X + ie)u,BR fh+^-s{X + ie)v)d\. 



Then Pc{H^)H^ = Waz{h + u)Z. \\W{u)\\b{li,lI{h^)) and\\Z{uj)\\B{Ll{H^),Ll) are 
uniformly locally hounded in uj. 

We need to show that there is a fixed c > such that V e 7^ 

(1) j \\{x)~''R^^^hj^^){\ + ie)u\\\2^d\ < c||tt|||2 for all u e L^. 

(2) j ||Si?(^3(/j+j^)(A + i£)w|||2(iA < c||it||2 for all w e 

(3) j \\BRH*^{\ + ie)u\\l2j\ < c\\u\\l2 for all u G L'^{H*) := azL^{H^) 

(4) j ||(x)-^i?H^(A + i£)w|||2c/A < c||w||i2 for all w e L2(if^). 

Let us first prove (1), (2). They are consequences of (5) for r > 3/2: 

(5) j \\{x)-^ Rh{\ + is)u\\l2d\ < c\\u\\l2 for all u e L^. 

By (5.3) in Theorem 5.1 [K], (5) will follow from 

(6) \\{x)-^Rh{z){x)-^\\B(Ll,Ll) < C for all z with < \Qz\. 

Observe that for > 0, ±{x -y)>0 and setting w{k) = W[f+{k), f-{k)], 
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{x)-^Rh{E{k),x, y){y)~^ = e^^l^-^^l {x)-^m±{x, k)m^{y, k){y)-^w-\k). 
By Lemma 6.1, \m±{x, k)m^{y, k)\ < {x){y). By Lemma 6.4, > (k). Hence 

(7) {x)-^\Rh{z,x,y)\{yr^ < C{z)-"^x)^-^ {y)'-^ 

for all z with > resp. ^z <Q (for = there are two different continuations). 
Then for all z with S>z > resp. < 

(8) \\{x)-^Rh{z,x,y){y)-^\\Li^^ < C{z)-K 

(8) implies (6). Wc consider now (3) and (4), and for definiteness we focus on (4). 
We have for A = {x)~'^ 

(9) ARhSz)u = (1 + Ai?^3(^+^)(^)S*)-iAi?^3(ft+^)(^)w. 

(8) implies \\AR^^(^i^j^^-^{z)B*\\b{l'^,l'^) < {z)~^/'^. By Fredholm theory there is a 
bounded measure set X C M such that in ]R\X the following limits exist 

lim i?^^(A + ie) = RijX) in CL(K\^, B{LI'\ LI^-^)). 

A point A belongs to X exactly if ker(l + Ai?°^(^_^^)(A)S*) 7^ in for a = + 
or — . The points in X\a'e{Hu}) are eigenvalues of if^. This follows from (9). 
Furthermore, the hypothesis that (7e{H^j) contains no eigenvalues of H^^ implies 
that X\ae{Hij) is exactly the set of eigenvalues of H^^. The exponential decay 
of — (7z{hQ + uj) implies, by standard arguments, that has finitely many 
eigenvalues. Therefore for z close to an eigenvalue of H^^ and for u G L'^{H^) wc 
have that || Ai?//^ 2,2 < c\\Rh^{z)u\\l2 < c'\\u\\l2 for fixed constants. We will 
show below that X n ae{H^^) is empty. Notice that this yields (4). To see this let 
N c'Rhe the neighborhood of (Te(7i^) formed by the points with distance < 5 from 
CTeiHu,), with S > a small number. We split the integral in (4) in two integrals 
with domain M\N and A^. The integral with domain M\N is bounded, since for 
A G R\N we have \\{x)~'^ Rh^{X + ie)u\\2 < \\RH^{X + ie)u\\2 < C\\u\\2 for a fixed C 
and M\N is a bounded set. To bound the integral with domain N we use formula 

(9) above where Hq = (73 (/i + a;) 



{x)-^Rh^ (A + is)u = (1 + {x)-^Rh,{^ + ie)B*)-^{x)-^RHo{X + ie)u. 
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Then for any u E L"^ 



\\{x) ^RH^{X + ie)u\\L2^^N,Li) < 
(10) 

11(1 + (a;)-^i?Ho(A + is)B*)-^\\Loo^N,B{Ll,Li))\\{x)~^RHo{>^ + ie)u\\LliN,Li)- 

The first factor in rhs(lO) is uniformly bounded by the hypothesis that X naeiH^^) 
is empty, while the second factor in rhs(lO) is bounded for any u E £^ hy (1). This 
yields (4), with the proof of (3) similar. 

Now we return to the set X. Our aim is tho show that X is formed exactly by 
the eigenvalues of H^o- It is enough to show that X fl cXei'Huj) is empty. We will 
proceed in two steps. We will first show that by (H7) X does not contain any of 
these extremes thresholds of 0-3 (/i + a;), Lemma 7.2. We will then show that the 
points of X in the interior of the spectral bands are necessarily eigenvalues of H^^. 
Since such "embedded" eigenvalues do not exist by (H7), then we can conclude that 
X n (7e(Ti-u>) is empty. 

Lemma 7.2. X does not contain extremes of the spectral hands ofa3{h + u!). 

Proof. Suppose the claim is wrong, and that A e X is an extremum of one of the 
spectral bands of as{h + a;), and pick 7^ in such that 

(1 + 74i?o.3(/i+a)) {X)B*)w = 0. 

Then (1 + B*AR^^^h+iv){^))B*w = 0. Then V = Ra:,{h+u;){>^)B*w is V 7^ and by 
standard arguments is a nontrivial distributional solution of {H^ — X)u = 0. We 
claim that 

(10) ij e L~. 

If (10) is true, we get contradiction with hypothesis (H7). The proof of (10) reduces 
at showing that for a rapidly decreasing bounded function g{y) we have 

< 00 for f{x) = / Rh{x,y,X)g{y)dy. 

This is a consequence of Lemmas 6.1 and 6.4 and, for w{k) = W[f+{k), f-{k)], of 

f-{y,k)g{y)dy/w{k) + f-{x,k) / f-{y,k)g{y)dy/w{k). 

-00 J X 



This proves Lemma 7.2. 
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Lemma 7.3. For any Aq in the interior of ae{H^) there are an open interval 
I C ae{Hi^) with Aq G / and a constant C such that ||^i2(A±z£)it||£,2(j)^2 < C||it||/,2 
for any u. 

Proof. Let ABl = AB* - asQ. Then = a^{hQ + uj) + ABl. The points Ao G 
c"(c"3(^o + '^)) where 1| Ai?(A±z£)w||£^2(^7-)^2 is unbounded for / a smaU neighborhood 
of Ao are such that if we set 

(11) Ai?±JA)zx = (1 + (^^^^^(A)Sn-'^^.3(/.o+^)(A)«, 
we have for one of the two signs 

ker(l + Ai?±(,^^^)(Ao)Sn^O. 

By a standard argument, see §2 [CPV], if we assume Lemma 7.4 below we conchide 
that such point Aq is an eigenvalue of H^^. Since we are excluding eigenvalues inside 
the spectral bands of ae{Hi^) we are done with the proof Lemma 7.3. 

Lemmas 7.2 and 7.3 imply that X coincides with ad{H^) n M. The above argu- 
ments moreover imply that the following limits exist 

(12) limi?H.(A±i£) =i?|jA) mC\ae{H^),B{Ll'\Ll^-^)). 

Lemma 7.4. Fix Eq in the interior of a spectral hand of Hq. Suppose that there 
is a function •0(a;) such that ip G L^''"* for all s > and JF/^^^ (■(/;) (i/cg) = 0, where 
Eq = E{ko). Then R^^{Eo)'ip G L^. 

Proof. Consider a cutoff x{E) G C^(M) with x{E) = 1 for E close to Eq and 
x{E) = if \E — Eo\ > £o > for £o a small fixed number. Then 

RliEo)^ = Rl{Eo)xiho)^ + <(^o)(l - Xiho))^. 
The second term in the right is in L^. With the notation in §5 we have 

J'ho{x{ho)i^){k) = f e'''-ml{x,k)x{E{k))i;{x)dx. 
Jm 

Notice that m^{x,k)x{E{k)) is the symbol of a smoothing pseudodifferential oper- 
ator. This implies that d'I^J^ho{x{ho)ip) ^ L^. for all n by Lemma 5.4. Since ko ^ T, 
E{ko) 7^ by Lemma 5.2. Then also 

.n \ :F^,,mk)x{E{k)) 

" [ E{k) - Eo 

We have 

RtiEo)xihomx) = ^ e-^^-m° (x, k) ^^^^^^ x{E{k))dk. 

Integrating by parts we conclude x^ R^^{EQ)x{hQ)tl){x) G for aU N. 

By Proposition 7.1 and by the spectral Theorem we conclude: 
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G C° n for aU n. 



Lemma 7.5. For any u & we have 
Pc{H^)u = lim lim / X[-m,m] (A) [Rh^ (A + ie) - Rh^ (A - ie)] udX. 

Finally, we obtain the limiting absorption principle: 
Lemma 7.6. For any u e L^'"^ with r > 3/2 we have 

Po{H^)u = lirn^ ^il^^^ X[-M,M](A) [R+JX) - RhJX)] udX. 

Proof. For u G L^'^ and for fixed M the e — >^ 0+ limit in Lemma 7.5 converges 
in L'^~'^ to the integral in Lemma 7.6. 

§8 Plane waves for i^^; 

We recall = 0-3 (/iq + oj) + V{x) with: 

• V{x) a real entries square 2 matrix s.t. 0-1^(0;) = —V{x)ai and asV{x) = 
'V{x)a3; 

• \V{x) \ < Ce-^l^l ; 

• has no eigenvalues in CeiH^) and the points and the thresholds of the 
spectral bands of ae{H^) are not resonances. This last statement means that for 
any k eT, and for A = E{k ± 0) + a;), as well as for A = -E{k ± 0) - a;, if ^ e 
satisfies H^g = A^, then ^ = 0. 

We set 

poo poo 

r,{x)= / \V{t)\dt, 7(^)= / {t)\V{t)\dt. 

J X J X 

We have ae{Hi^) = (a; + o-(/?,o)) U {—uj — a{ho)). Because of the symmetries of 
we look at Jost functions F±{x, k) close to u + a"(/io). 

For A ^ (Te{H^) let A; e C with > such that A = E{k) + u (in the sequel, 
for A and k in the same sentence, we will have always the relation A = E[k) + u). 
Wc consider now solutions of H^^u = Xu of the following form, where A{x, t, k) is 
given by (6.4): 

F±{x,k) =(l>^^{x,k)~ei- / A{x,t, k)dieig {l,0)V{t)F±{t, k)dt- 
(8.1) J- 

- / Rho{-2uj - E{k),x, t)dia.g {0,l)V{t)F±{t,k)dt. 
Jr 
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Lemma 8.1. Assume (HI) and (H9). Then there is a small S > and a finite set 

S C C-(- such that for k ^ S with < Qk < S, (8.1) has for any choice of sign a 
unique solution satisfying the estimates listed below for M±(x, k) := e^^^^ F±{Xj k). 
These solutions solve H^^u = \u with A = ijO + E{k) and with the asymptotic property 
F±{xj k) = k)'e'i + o(e^*'^^) for x — > ±oo. For any fixed < a < \f%j and 

any e > there is such that Va; e IR and VA; e C with < ^k < S and 
dist{k, S) > e > we have: 

(1) \M±{x,k)-ml{x,k)-ei\ < Cee-'*'"^"(^'^^)(A;)-^(1 + max(l, ipa^)); 

(2) \dk[M±{x,k) -m'^^{x,k)~ei] \ < Cemax^il^Tx); 

(3) \dl[M±{x,k) -m^^{x,k)'ei] \ < Cgmax^(l, ^x). 

Proof. We sketch the proof for the + case and drop the index. Using the notation 
in §6, 

/•CXD 

M{x,k) =m%{x,k)~ei - / ^^(a;, t)diag {l,Q)V{t)M{t,k)dt- 

(8.2) 

- / Rh^{-2u- E{k),x,t)e-'^^''-^^^mg{{),l)V{t)M{t,k)dt. 
We have |i?foo(-2a; - E{k), x,t)e-'''^''-^^\ < Ce-^l^-*l(/c)-^ Let for V = {Vij} 

POO 

*M = (Mi,M2), M[^\x,k):^- Dk{x,t)Vi2{t)M2{t, k)dt , 

J X 

/•oo 

M[^\x,k) ■.^ml{x,k) - / Dk{x,t)Vu{t)Mi{t,k)dt. 

J X 

Then Mi{x, k) = M^\x, k) + M^\x, k). By standard arguments: 
Lemma 8.2. For given M2 G L'^ for some fixed C — C{V) we have: 

(1) \M^^\x,k)-m%{x,k)\ < Cmax(l, -a;)7(a;)(/c)-^; 

(2) \M[^\x,k)\ < Cmax(l,-a;)7(a;)(A;)-^||M2(-,A;)||L-. 



Continuation of proof of Lemma 8.1. We have M^\x.,k) — L{k)M2{x, k) with 
L{k) a hnear operator such that for a fixed C 

(3) \L{k)M2{x)\ < C(A;)-^max(l, -a;)||M2(-, 
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Eliminate Mi from (8.2) to get the following system for K{k) defined below 



(8.3) 

{l + K{k))M2{x,k) = - f Rh,{-2uj - E{k),x,t)e-'''^''-'W2i{t)Mi^\t,k)dt 

K{k)g{x) = f Rhoi-'^oj - E{k),x,t)e-'^^--'^ {V2i{t)L{k)[g]{t) + V22{t)g{t)) dt. 
Jr 



Lemma 8.3. Let < Qk < S < V2uj — a for some a > 0. Then K(k) maps 
in e""!^! There is a finite set S C C_(_ such that for k as above with k ^ S 

equation (8.3) admits a unique solution M2{x, k) e L^. Furthermore, for any e > 
there is a Ce such that if dist{k, S) > e then 



(1) e«l"lM2(a;,/c) < Ce{k)-\ 

Proof The fact that K{k) : e-a\x\^rl,co a Q < c^k < S < V%J - a is 

an elementary computation. For — > oo we have \\K{k)\\B{L^ — > so we can 
solve (8.3) obtaining (1). K{k) : — > is a compact operator. For \k\ ^ 1 by 
the Fredholm alternative 5" will be formed by the k with ker(l + K{k)) ^ 0. The 
set S is necessarily discrete and contained in \k\ < 1. We start by considering an 
A; e (S' n R. If we have such a k then, we have a nonzero solution of the equation 
obtained from (8.3) replacing M^^\t,k) with 0. Going backwards in the above 
argument, we obtain the existence of a nontrivial g e satisfying 

/■oo 

g{x) = - A{x, t, /c)diag (1, Qi)V{t)g{t)dt- 

J X 

- I Rho{-2uj-E{k),x,t)dieig{0,l)V{t)g{t)dt. 
Jr 



(8.4) 



Such g G L'^ is a distributional solution of H^g = Xg with A = E{k) + uj. By 
hypothesis we are assuming such solutions do not exist for A = E{k ± 0) + a; with 
k E T, that is for A a threshold in ae{H^). By continuity, ker(l + K{k)) = near 
such thresholds. Since the points in T are the only possible accumulation points of 
S, we conclude that S is finite. 



Continuation of proof of Lemma 8.1. Lemmas 8.2-3 imply (1) in Lemma 8.1. To 
prove (2) we diff'erentiate (8.2) in k obtaining for the dot representing dk, and for 
Ek{x,t) = Rh,{-2u-E{k),x,t), 

29 



M{x, k) — "e*im1_(a;, k) — 

Dk{x,t)diag (1,0) + / Ek{x,t)diag (0, 1) ) V{t)M{t,k)dt 

Jm. ) 

Dkix,t)diag (1,0) + / Ekix,t)diag (0,1) ) V{t)M{t,k)dt. 

Jr J 

We have \diEkix,t)\ < Ce-^^'^)!^"*! for j = 0, 1 for fixed C > and a > 0. We 
write Mi{x, k) = Mi^\x, k) + m[^\x, k), with m[^\x, k) = L{k)M2{x, k), with 

M[^\x,k)~ei = ~eim\{x,k) + 

nOO 

+ ( third fine of (4)) -~ei Du{x,t)Vi2{t)M2{t, k)dt. 

J X 

Then 

\M^i\x, k) \ < Cmax2(l, -x) and 

\L{k)M2{x,k)\ <C(A;)-imax(l,-x)||M2(-,fc)||L-- 

We obtain an analogue of system (8.3), with M^\x^k) replaced by M^\x^k). 
Then we conclude \e°'\^\M2{x, k)\ < ■ Repeating the argument in a similar way, 
we get claim (3) in Lemma 8.1. 

If 5 n M = 0, by taking d small enough we can neglect the set S. However in 
Lemma 5.4 [CI] the proof that 5 fl IR = is wrong. In fact the discussion in [KS] 
allows for the existence oi S. So let us assume now ^ fl IR 0. For k near 5' fl IR we 
consider the system 





(8.5) (l + i?+(,^^^)(A)y)$±(-,/c) =(/>°(a;,fc)^i. 

Lemma 8.4. Let X = E{k) + u with E{k) e cr(/j.o) with k 7^ ±7rn(j) for all j. 

(1) For any choice of signs, system (8.5) admits exactly one solution in L'^ . 

(2) For k ^ S we have $±(x,/c) = c±{k)F±{x, k) for some constants c±{k). 

(3) Fix a decomposition V ~ B*A with A and B* G and exponentially decreasing. 
Then k — > A^±{x, k) & L^. is a real analytic map for k near S. 

(4) c±ik) are real analytic functions in k for k near S. 

Proof. For definiteness pick +. For A = £■ + a; we claim that R'^^^^^_^^^{X)V 

(5) is a — > compact operator. 
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We have 



RU-E-2uj)V2i RU-E -2u)V22 



So the proof of (5) reduces at proving that the operators R'^^{—E — 2uj)u{x) and 
R'^^{E)h'{x) are compact from into itself for i'(x) an exponentially decreasing 
scalar function. These operators are defined in with values in W^'°^. Since 
R'^^{—E — 2u))-u{x) maps in e^'^l^lL^ for a fixed a = a(u;o) > 0, it is easy to 
conclude that i?^ {—E — 2uj)v{x) satisfies (5). We have for WQ{k) = [(f)^{k), 0° (A;)], 
Rl{E)[iyg]{x) = 

/■OO 

= cf>l{x,k)C-{g) - / [0° (x, - 0° (y, (x, A;)] u{y)g{y)dy/wo{k) 

J X 

= <t{x,k)C+{g) + r [0° (x, - <^l{y,k)<t{x,k)\ v{y)g{y)dy /wo{k) 



withC±(5f) = f^4)'^{y, k)u{y)g{y)dy /wo{k) . Given a sequence {gn} with \\gn\\oo < 1 
we want to show that a subsequence of {R^^^{E)[ugn]} converges in L^. It is 
not restrictive to assume that {R'^^{E)[i'gn]} converges in L^^^(M), and {C^{gn)} 
and {C-{gn)} converge in C. It is elementary conclude by the above formulas on 
R+^{E)[ug]{x), that {R+^{E)[i^gn]} converges in L~. 

Having established that (5) is compact, by Fredholm theory we know that (8.5) 
has a unique solution unless there is a nonzero solution g e of 

(6) (l + i?+(,^^^)(A)V)^ = 0. 
Notice that ^g = (5^1,5^2) 

(7) H^g = Xg in the sense of distributions 
and that |5'2(a;)| < Ce~^^l^l for some C > 0. By (6) we obtain 

((l + <(ho+c.)Wm^3F^) = 0. 

Then 

(8) {5{ho - Eik))iV^^gi + Vi2g2), Viigi + ¥^292) = 0. 

Notice that Vngi + Vi2g2 e L^'"* for any s G M. For ip e L^'"" with s > 1/2 we have 

{Siho - E{k))^,^) = \E{k))\-^ {\J'h,m? + \^ho^{-k)?) . 
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(8.6) 



So if we set ip = Vngi + ^12^2, then J^hg'ip{±k) = 0. We can apply Lemma 7.4 and 
conclude that 

g,=Rl{E{k))i;eL'{R). 

So g & and (7) imply that g is an eigenf unction and that A is an eigenvalue. Since 
we are excluding this possibility, we conclude that there are non nonzero solutions 
of (6) and that Claim (1) is correct. 

From (8.5) we get for wo{k) = W[(l)l{k),(j)^_{k)] 

^±{x,k) = (j)^^{x,k)~ei 

+ 4>l{x,k) I <tP_{y,k)di^g{l,Q)V{y)^±{y,k)dy/wo{k) 
J —00 

poo 

-4>Hx,k) / 0O(y,/c)diag(l,O)F(y)$±(y,/c)dy/«;o(A;) 

- I Rh,{u;-E{k),x,y)di8.g{0,l)V{y)^±{y,k)dy. 
Jr 

Then, for 

c+{k) = l+ [ cP^_{y,k){V^^{y)^^+{y,k) + V^2{y)^2+{y,k))dy/wo{k) 

(9) 

c_(A;) = l- / cl>liy,k)iVi^iy)^i-iy,k) + Vi2iy)^2-iy,k))dy/woik) 
Jr 

and ioT k ^ S we have for g±{x) := ^±{x, k) — c±{k)F±{x, k), 

g e with lim g±{x) ~ and H^g± = \g±. 

a;— >±oo 

Since k ^ S this yields g±=Q. 

To prove claims (3) and (4) we write (8.5) as 

(l + Ai?+(^^^^)(A)S*)A$±(-,A;) = A4(x,fc)^i. 

Since Ai?^^^^^^^^^(A)i?* G B{L'^,L'^) is real analytic in /c, and similarly k 

A(l)^{x,k) e is real analytic in k, we obtain claims (3) and (4) by the chain 
rule. 



Lemma 8.1 yields Jost functions F{x, k) for if^ for energy A close to u; + cr(/i) 
and for k ^ S. By aiH^ = —H^ai we conclude that aiF{x, k) are Jost functions 
for for energy A close to —ui — a{h). From a^Hi^ — H*as we get that asF{x,k) 
are Jost functions for H* for energy A close to a; + a{h) and azcriF(x, k) are Jost 
functions for H* for energy A close to —u — a{h). 
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Lemma 8.5. For k e we have F±{x, k) = F±{x, —k) and for k ^ we have 



R±{k) 



(1) ^t(^' k) = Ylk^F±{x. k) + -^^F^{x, k) 

where T{k) and R±{k) are defined by the above formula. 



Proof. F±{x, k) — F±{x^ —k) follows by the fact that V{x) has real entries and 
by uniqueness in Lemma 8.1. We claim that the triples of functions in formula 
(1) in the statement are linearly dependent. Notice that this implies immediately 
the statement, since one can see near -\-oo by Lemma 8.1 that the functions on 
the right hand side of (1) are linearly independent. For definiteness we will prove 
linear dependence of A;), F_{x, k) and F-{x, k). If we assume they are linearly 

independent, we can find a nonzero linear combination g = aF+ + +7F_ with 
g{x) G L'^ and g{x) ^ for x — > +oo. Then g{x) satisfies (8.4) and by the fact that 
k ^ S we conclude g{x) = 0. So our assumption is absurd and the three functions 
are linearly dependent. 

Lemma 8.6. All the Wronskians below are constant. We have for any k e M\S: 



(1) W[F±{k),F±ik)] = WicPli; k), k)], 

roN T(l.\ - W[<l>%{:k)Al{-,k)] _ W[F^{k\F^{k)] 

W[F^ik\F^ik)] ' ''^^''^-W[F^{k),F:,{k)] 



(3) T{k)=T{-k),R±{k)^R±{-k), 



(4) \T{k)\' + \R±{k)\' = 1, T{k)R±{k) + R^{k)T{k) =0. 

Proof. For the fact that the Wronskians are constant see Lemma 5.8 [KS]. The 
rest of the proof is the same of Lemma 5.6 [CI]. 

Lemma 8.7. For /c e M we have 

(1) W[^+{k), $_(fc)] - C+{k)W[<Pl{; k), (/>° (-, k)] = C-{k)W[<Pl{; k), /_(-, k)]. 

In particular c+{k) = c_(A;) = T{k). 

Proof. We have the asymptotic behaviors, with da;o{l) = o(l), 

$_l_(a:, k) = c+(A;)0*|.(x, k)~e^i + o(l) for x — > +oo 

^-{x,k) = (j)^_{x,k)~ei + Ci{k)(j)^_^_{x,k)~ei +o(l) for x +oo 

^-{x,k) = C-{k)(fP_{x,k)~ei + o(l) for x -oo 

^+{x, k) = 0° (a;, k)~ei + C2ik)(fP_{x, k)~ei + o(l) for x -oo 
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with c±{k) defined in Lemma 8.4 and for some constants Cj{k) with j = 1,2. In 
particular, for later use, Ci {k) is smooth for k near S and given by 

(2) Ci{k) = [ <t>''_{y,k){Vii{y)^i-{y,k) + Vi2{y)^2-{y,k))dy/wo{k). 

jR 

(1) follows by using these asymptotic expansions and the fact that the Wronskian 
W[^+{k),^-{k)] is a constant. We have 

^ ^ - W[F_,F+] ~ $+] " c± ~ 

Lemma 8.8. T{k) and R±{k) are in C^(M) and there is C > such that for n < 1 

[T{k) - 1] /dk^^l + \d''R±{k)/dk''\ < C/{k). 

Proof. Notice that (or k ^ T we have W[(j)^_{k), (p^^{k)] ^ 0. So (4) Lemma 8.6 
and the non resonance hypothesis at the thresholds imply in M\S'. 

There T{k) and R±{k) are with the desired asymptotic estimates by Lemma 
8.1. Near S we use T{k) = c±{k) and (3) Lemma 8.4 to conclude that T e C^{R). 
Near S 

Here Ci(/c) is in (2) Lemma 8.7 and is smooth, li k^ E S then there is some m > 
such that c^^\ko) ^ 0, then also c+/c+ is smooth near ko. So R+ e C^(R). The 
argument for is similar. 

We consider the following system : 

»±oo 



(8.7) 



/•ItOO 

G±{x,k) =(f)^^{x,ki)~e2- / A{x,t, k)diaig {l,0)V{t)G±{t,k)dt- 

J X 

- / A{x, t, ki)^mg (0, l)V{t)g±{t, k)dt 

J X 



where E{ki) = -E{k) - 2uj. 

Lemma 8.9. For \ — ui -\- E{k) with < Q^/c < 5 system (8.7) admits exactly one 
solution G±{x, k) which satisfies H^G± = XG±, G±{x, k) is real for A; e R. There 
is C such that 



\G±{x,k)-<jP±{xM)~^2\<C{k)-^ 



±oo 



\dxG± - dx4>±{x,ki)~e2\ < C 



{t)\V{t)\dt 
{t)\V{t)\dt 



^x?R:Vk'^+2oj. 

e 1 



x 
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We have w{k) = [G-{k),G+{k)] is a continuous function with w{k) = if and only 

ifkeS. We have w{k) = 2Vk^ + 2uj{l + o(l)) for \k\ ^ oo. 

We have [F±{x,k),G±{x,k)] = for any k ^ S. For '^k > and g e L°°(6, +oo), 
for some b E M., with H^g — Xg, then g{x) = k) + uG+{x, k) for constants 

jj, and V . If g E L°°(— oo, b) solves H^g = Xg, then g{x) = iiF- (x, k) + vG- (x, k) 

Proof. The fact that there is a unique G±{x,k) satisfying (8.6) and the esti- 
mates follow from the argument in Lemma 1 [DT]. The asymptotic expansion of 
w{k) = [G-{k), Gj^{k)] for \k\ —>■ oo follows from the inequalities, k E S exactly 
when G±{x,k) E L^. This is the case exactly for = 0. Identity 

[F±, G±] = follows by using the fact that the Wronskian is constant and by the 
asymptotic properties of the functions. Consider h E L°^{b, +00) with H^^h — Eh 
with Qk > and k ^ S. By standard arguments there is a 6 < 61 such that in 
[61, +00) there are two other solutions a{x, k) and 6(2;, k) of H^u = Eu, both un- 
bounded and such that a(x, k), b{x, k), F^{x, k) and G^{x, k) form a fundamental 
set of solutions. Then in [61, -|-oo) we have h{x) = iJ,F-^.{x, k) -\- iyG+{x, k) and by 
unique continuation this holds in (6, -|-cxd). 

Lemma 8.10. Let X = uj+E{k) with < '^k < d and k ^ S. The resolvent Rh^{X) 
has integral kernel given by Rh^ {x, y, X) — Ri{x, y) + R2{x^ y) with for x < y 

F.{x,kyiasF+{y,k)) G -{x,k)\a^G+{y,k)) 

W[F+{-, k), k)] W[G+{-, k), G-{-, k)] 

and for x > y 

= -WlF,(;k).F_(..k)] ^^f^-^) = - WlG,(;k).G-(:k)] ' 

We have Rh^ (x, y, A) = Rh^ {x, y, A) and Rh^ (x, y, - A) = -aiRn^ (x, y, X)ai. 

Proof. The last two equalities follow from the fact that is real and (TiH^ = 
—H^ai. Let R{x, y) = Ri{x, y) + R2{x, y). To show that R{x, y) is the kernel of the 
resolvent it is enough to show that for any fixed x and for any fixed A the following 
equalities hold: 

A{x, X) := dxR{xj x~) — dxR{x, x'^) = — us 
^^"^ B{x,X) := R{x,x~) - R{x,x+) = 0. 

Now, for h{x) = F+,F-, G+, G_, using the information on the Wronskians, we get 

(2) ^h{x)A{x, A) - ^h'{x)B{x, A) = -^h{x)a3. 

If now, for (x, k) fixed, h'{x)) span x <C? for h{x) = F+, F_, G^, G-, then 

(2) yields (1). For \k\ ^ 1 this is the case. Since A{x^X) and B{x^X) depend 
analytically on A;, (1) holds for all A; ^ 5. 
We next define: 
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Definition 8.11(Plane Waves). For k ^ S set ^{x,k) := -^T{k)F+{x,k) 
for k > 0, '^{x,k) := ■^T{-k)F_{x, -k) for k < 0. Near S set '^{x,k) = 
-^^+{x,k) fork>0 and *(a;,A;) = -^^-{x,-k) fork < 0. 

The interpretation of the fc) is justified by the foUowing lemma: 
Lemma 8.12. The operator Pc{H^) has, for^A the transpose of A, kernel 



dk, 



Pc{H^){x,y)^ [ \^{x,k) '{as^{y,k)) + ai^{x,k) ' {asa^^iy, k)) 
In particular we have {e^^^'^ Pc{Hi^)){x, y) = 

[ L^i(-E^(fc)+'^)^(a;,A;) * ((j3*(y, k)) + 6-''^^^''^+'^^ ai^{x, k) * ((J3(Ji*(y, k)) 

Proof Recall {f,g) = J^^f{x)g{x)dx. For / e Ll{H^) n S{R) we have 
{f,g)= hm -i, / {[RHA^ + ie)-RHAX-ie)]f,g)dX 
= /" {H{X)f,g)dX with H{X)f{x) = [ H{X,x,y)f{y)dy, 



dk. 



H{X,x,y) = Rh^ (A + zO, x, y) - Rh^ (A - zO, x, y) . 



We have Rh^{X — iO,x,y) — Rh^{X + iO,x,y), F±(x,k) = F±{x, —k). Pick now 
A e ae{Hi^) with A > a; and x > y. For k E M.\S since G±{x, k) has real entries for 
A; e ]R we get 

_ -fc) ^(a3F-(j/, -k)) F+{x, k) 'jasF^jy, k)) 

^ '""'^^ [F+{-k),F.{-k)] [F+{k),F.{k)] 

, G+(a:,A;) '{asG-{y,k)) G+{x,k) \a^G-{y,k)) 



[G+(fc),G_(/c)] [G+(/c),G_(/c)] 
with the last line equal to 0. By Lemmas 8.5-6, ioi k ^ S 



F±{x,k) ^ F±{x,-k) , T{k) =T{-k), R±{k) ^ R±{-k), 



F+{x, k) = T{k)F-{x, k) - R+{k)F+{x, fc), 
F_{y, -k) = T{k)F+{y,k) - R-{k)F_{y, k), 

and so we obtain 
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H{E,x,y) = 



T{k)F+{x,k) \asF+{y,k)) T{k)F_{x,k) \a^F_{y,k)) 



F+{x,-k)\asF_{y,k)) 



[F+{-k),F.{-k)] 

R-{k) 



[F+{k),F.{k)] 



[F+(-/c),F_(-/c)] [F+{k),F_{k)] 



We claim that the last line is zero. Set wo{k) := W[(f)°_^{k), and multiply the 

bracket hj wo{k). Then we get 



W[<pl{k),<j>'_{k)][...] = 



W[cj>%{k),r_{k)] 
[F+i-k\F_i-k)] 



R-{k)- R-{k)T{k). 



We have W[4>\{k), 4P_{k)] = (-/c), 0^(-A;)] = -W[4)l{-k),(p^_{-k)], so in 

particular Wo{k) — —wo{k). Then 

W[<l>l{k),<l>'_{k)][...] = - (^R+{k)T{k) + Rl{k)T{k)') = 0. 

This yields the claim. We pick now A > a;, A G ae{H^) with A = E{k)-\-uj and with 
k ^ S. Picking also x > y we can write by Lemma 5.5 

-H'(A,a;,y)^ = E{k)H{X,x,y) = -iwo{k)H{X,x,y) = 



. wo{-k)Tik)F+ix,k)%a:,F+{y,k)) . wo{k)T{k)F.{x,k) \a^F.{y,k)) 
[F+{-k),F.{-k)] [F+{k),F.{k)] 

= i\T{k)f (^F+{x, kY{asF+{y, k)) + F_{x, k)\<j^F_{y, k))) 
= 27rz (*(^*((73*(y, k)) + ^{x, -kYia^^iy, -/c))) . 

By continuity the formula extends to any A; > 0. The same identity holds for x < y. 
Hence for any M > we have 

— j [Rh^ (A - iO) - Rh^ (A + iO)] fdX = 
f dk f dy (*(^*((73*(y,A;)) + *(x,-/c)*(a3*(y, -k))) f{y). 

Jo JR ^ ^ 



Repeating the argument for E < —uj and for M — > oo we conclude the proof. 
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Lemma 8.13. The following operators P±(oj) are well defined in L^: 

P+{uj)u = lim lim-^ / [Rh^{X + ie) - Rh^{X - ie)]udX 

P-{lo)u = lim lim - — / [Rh {X + ie) — RH {X — ie)]udX 

Myoo €\0 2Tn Ji_M,-u;]n(-LO-a(hn)) 



and have kernel 



Jm 

P-{uj){x,y)= / ai'^{x,k) * (a 3(7 1'^iy, k))dk. 
Jr 

For any M > and N > and for C = C{N, M,uj) upper semicontinuous in u, 
we have 

(1) \\{xr{P+{uj) - P-H - Pc{H.)'ys)f\\Ll < C||(a:)-^/|U.. 

Proof. The first two statements follow from the argument of Lemma 8.12 and 
from §7. Now we want to prove (1). The proof is similar to Lemma 5.12 [CI]. 
For this proof we set H = H^, Hq = as^ho + cu), Ro{z) = {Hq — z)~^ and 
R{z) — {H — z)~^. To prove (1) it is enough to write Pc — P+ + P- and to 
prove II [P±o^s^ P±]g\\^2,M < c||5f|L2,-iv. It is not restrictive to consider only P+. 
Setting H = Hq + V , we write 



±^(^ ^^^) = Y1 "^^^ + ^o(A ± ie)V)-^Ro{X ± ie). 
± ± 

By elementary computation 



(2) 



Ro{X ± ie)a3 = Ro{X± ie) - 2{ho + u + X± ze)~Miag(0, 1). 

Therefore 

rhs(2)c73 = rhs (4) + 2 ^ ±(1 + i?o(A ± ze)F)-Miag(0, l)Rho{-uJ - A ^ ie). 



± 

Hence we are reduced to show that 

Ku = 



lim lim V± / {1 + Ro{X ± ie)V)~^diag{0,l)Rho{-i^ - >^ T ie)udX 

M^oo 6^0+ ^ J[uj,M]na{Ho) 
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defines an operator such that for some fixed c 

(3) ||i^u||^2,M < c||u||^2,-iV 

For m > 1 we expand (1 + RqV)-^ = YJ^^q [-RqVY + RqVRV{-RoV)'^ and we 
consider the corresponding decomposition 

m+l 

(4) K=5]K« + /C. 

We have Kq = since for any tt e we have 

lim / V±(/io + a; + A±ie)-Miag(0, l)wcJA = 0. 

We next consider for j e [1, m] and prove 

(5) ||Kj'tt||^2,M < C||U||^2,-JV. 

For definiteness we consider j = 1, in fact the other cases are similar. We have 
K^u = I [Rq{X + iO) -Rq{X- iO)] VRh^ (-cj - A)diag(0, l)udX. 

We also have 

(6) K^u = ^ with K^ jU = / Roiz)V{ho + 2oj + ^)-Miag(0, l)udz 

with {rj,j < no} thin rectangles , with sides parallel to the coordinate axes, with 
each Tj containing the j'th spectral band of ho in its interior and disjoint from all 
the other bands. r„p is an unbounded strip containing the unbounded spectral band 
in its interior. We prove (5) for each K^j- Take j < uq. Schematically 

(7) K^jU= [ Rho{z)VRho{-'2co- z)udz 

Jdrj 



where now F is a scalar exponentially decreasing function and u is a scalar function. 
But over dvj we have that the resolvents in (7) have kernel in absolute value bounded 
by Pe~°'\^~y\ for some fixed a > and /? > 0. Since the length of drj is finite, for 
some C and for j < uq 

(8) \K^jU{x)\<C [ e-"l"-*IV(t)e-"l*-^lu(y)dtdy. 
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For the latter operator one gets easily (5). Next we consider j = uq. Once again 
we focus on (7). Notice that for u a Schwarz function we have that (7) for j = uq 
converges in L"^'^ space for s > 1/2 because the integrand decays like (A)""^/^. Using 
the fact that for iV > 1 



nN+iN'^ 

/ {z)-i\dz\<C{N)-^, 



we conclude that we can deform the path integral replacing r^^ with any region r 
defined by x > c, \y\ < ax'^, with a > and the halfplane x > c containing in its 
interior the unbounded band and disjoint from the bounded bands. Then 

Klno^^ [ Rho{E{k))VRh,{-2u; - E{k))uE{k)dk 

with for = a + ib, a the union of two paths of the form b = bo >, a & [7rn(no), oo) 
and a e (— oo, — 7rn(?io)]. Then 

\Klno<^)\<C{A + B) with 



[ dydt [ — e-^°l^-*ly(t)e-«l^-*l|«(y)| 

J\y-t\<l Ja>nn(no) ^ 

[ dydt [ — e-^°l^-*lF(t)e-'^l«-*l|«(y)|. 

J\y-t\>l Ja>TTn(no) ^ 



Then 

{x)^A < I d?/dt(t)^+^|y(t)|e-^l--^l |log(|y -t\)\ 
J\v-t\<i 



< 

and 



J\y-t\>l 



< \\u\\r2,-N. 

II \\L' 



This yields (3) also for Ki^no- ^^^^^^J we focus on 

± 

± / Ri{X)VR'^{X)V[R^{X)V]'^diag{0,l)Rho{-uj-X)~^udX 

JuJ+a{ho) 

= J2f i^olO^i^lO^fi^olO^l^'diaglO, l)Rhoi-oJ - ChdC. 

We have ||Fi?(C)V^||5(^2,-Ar £^2,Ar^ < {z)~^ for all N and by repeating the previous 
argument, deforming drn^ we obtain also ||/C||g^j^2,-jv £^2,m^ < oo for all M and N. 
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§9 Proof of Lemmas 3.1-3.2 
Lemma 3.1 is a consequence of the following statement: 
Lemma 9.1. Set Pc{H^)e'^^^ (x, y) = U{t, x, y) + V(t, x, y) with 

U{t,x,y)= [ e''^^^^(j>{x,y,k)dk, 



J |fc| <7rn(no) 



V{t,x,y)= / e''^^''U{x,y,k)dk 



|fc|>7rn(no) 



with (t){x,y,k) = '^{x,k) * ((T3*(2/, /c)) + fTi*(a;, A;) * {asai^^fiy, k)). 

Then |W(t,x,y)| < C{t)-^ and \V{t,x,y)\ < C\t\-^. 

Proof. Using cutoff functions we distinguish between k close to S and k away 
from 5". In the latter case the proof is the same of Lemma 6.5. So for a smooth 
cutoff function with small support / with I H S = {k} and with / C M+ (the above 
choices are not restrictive) contained either in \k\ < 7rn(no) or in \k\ > 7rn(no), we 
consider the integral 



Notice that by (8.6) 

$+(x, k) = 0^(x, k)'ei{l + A{x, k)) + (/)° (x, k)B{x, k) + C{x, y, k) 

with \dlA{x, k)\ + \dlB{x, k) \ + \dlC{x,y,k)\ < cq for fixed cq for a = 0, 1. Then 
by stationary phase |(1)| < {t)~°' with a either 1/2 if I is in \k\ < nn{no) or 1/3 if 
/ in \k\ > 7rn{no). 

Before proving Lemma 3.2 we need: 

Lemma 9.1. Let Ia,p[f] = Kc,,p{t)*f with K^^p = X[o,i)^~" + X[i,cx))^~^ for given 
< q: < 1 and < /9 < 1. Then we have the following estimates: 



(1) 





-fa,/3[/]||£p(Z,Lnn,n+l]) < C'||/||^9(Z,Lf [n,n+l]) 



(4) 



(3) 



(2) 1 + 
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If moreover we assume a = and < /? < 1 then 



\Io,pf\\£p{Z,Ll[n,n+l]) < C'||/||£«(Z,L|[n,n+l]) 



where 1 < r, s < oo and 1 < q < oo satisfy (2) and (4)- 
The elementary proof is in Lemma 2.2 [GV]. 

Proof of Lemma 3.2. Using the definition of U{t) and V(t), the proof of the 
Strichartz estimates for (2) and (4) Lemma 3.2 arc the same of that in Lemma 
3.1 in [CI]. We turn now to the estimate for U{t). In the sequel the pairs (r, p), 
(ri,pi) and (r2,P2) are always admissible. First of all, by [Hi^.,'U{t)\ — 0, it is not 
restrictive to consider only case A; = 0. We set P± = P± {H^S). We have [W, P±\ = 0, 
Was = asU, P^a^ = (TsP±. 

First step: proof of (1) Lemma 3.2. The case (r, p) = (oc, 2) is trivial, hence by 
interpolation it suffices to prove (1) in the case (r,p) = (4, cx)). By Lemma 3.1 



U{t - s)F{s)ds 



< C 



\ns)\\Li 



ds 



" {t 



S}3 



By Lemma 9.1 with a = and = | 



(9.1) 



Kit - s)F{s)ds 



< C\\F\ 



,L^{[n,n+l],L^)) 



iZ,Lli[n,n+l],Ll)y 



By Fubini theorem we have 

/ fOO POO \ 

/ U{s)P±F{s)ds,a3 / U{t)P±F{t)dt) 
\Jo Jo I i 

[ U{t-s)P±F{s)ds,(73P±F{t)) . 

Jo I t,x 



This implies 



(9.2) 



U{s)F{s)ds 



< 



IFII 6 



rOO 

/ U{t - s)F{s)ds 

Jo ^6(z,L-([n,n+l],L-)) 

,Ll{[n,n+l],Ll)) " " "^f (Z.Lj ([n,n+l],Li )) 



X 



by (9.1) and by ||-P±w||r2 ~ \{P±u,cr3P±u)\. The latter follows from the following 

X 

facts, for W and Z the operators in Proposition 7.1: for u e L'^{H^) and u = Wv, we 
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have ||P-fw||£,2 ||diag(l, 0)v||/,2, ||P_tt||£,2 ||diag(0, l)v||x,2 ; for any pair u = Wv 
we have {u, a^u) = (v, a^v). 

To finally deduce (1) Lemma 3.2, notice that by combining the Fubini theorem, 
a duality argument, the Holder inequality and (9.2), we get for / e L^(i/j^) 

||W(t)/||^6(z,L-([n,n+l],L-)) = SUp {U{t)f,a^G{t,x))t,x 

•^^^f ,1,1 



sup If.cTzj U{t)Pc{H^)G{t)dt 



< 



LI sup 

5,1,1 



U{t)Pc{H^)G{t)dt 



<c\\fh 



L2 



where: 



,1,1 



{Ge£t(z,L,i([n,n + l],Li)) s.t. 



6 =1 

£5(Z,Li([n,n+l],Li)) 



Second step: proof of (3) Lemma 3.2. We split the proof 7 subcases. 
First subcase: {ri,pi) = (00, 2) fori = 1,2. In this case the estimate (3) Lemma 
3.2 is equivalent to the following one: 



[ U{t-s)F{s)ds 
Jo 



< C\\F\\^iLi 



whose proof is elementary: 



U{t - s)F{s)ds 



< 



f \\U{t-s)F{s)\\Lids<C I \\F{s)\\Lids, 
Jo 



where we have used the fact that ||W(t)/||i,2 < C||/||£,2 for a fixed C. 

Second subcase: {ri,pi) = (4, 00) for i = 1,2. It is similar to the proof of (9.1). 

Third subcase: (ri,pi) = (4, 00) and (r2,P2) = (00, 2). In this case (3) Lemma 
3.2 reduces to: 



(9.3) 



/ U{t-s)F{s)ds 
Jo 



^6(z,L-([n,n+l],L-)) 



<C\\F\ 



Notice that we have the identity: 

/ U{t - s)F{s)ds ^ / x{t - s)U{t - s)F{s)ds, 
Jo Jo 
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with X is the characteristic function of the half hne (0,oo). By the Minkowski 
inequahty we get 



< 



/ U{t- s)F{s)ds 
Jo 

/■OO 

< / ||x(t-sMt-s)F(s)||,6(^,, 

^0 

nOO nOO 
/ Wit - s)F(s)||^6(z,L-([n,n+l],L-)) ds < C \\F{s)\\L2ds 

Jo Jo 



-i{I.,L^{[n,n+l],L^)) 



,L-([n,n+l],L-)) 



where we have used (1) Lemma 3.2 at the last step. 

Fourth subcase: (ri,pi) any admissible pair and (r2,P2) = (c>0:2). Follows by 
interpolation between the first the third subcases. 

Fifth subcase: (ri,pi) = (oo,2), (r2,P2) = (4,oo). Follows by a duality argument. 
In fact we have 



U{t - s)F{s)ds 



L^L% GeBi,2 \J0 



sup ( / U{t- s)F{s)ds,azG 



t,x 



where 



= sup (f,ct3 / U{t-s)G{s)d 
GeBi,2 \ Jt 

Bi,2 := [g^L\lIsX. ||G|Ui^| = i}. 



By Holder inequality 

U{t - s)F{s)ds 

poo 

sup / U{t - s)G{s)ds 

GeBi,2 Jt £6(Z,Lf ([n,n+l],Lg°)) 

where at the last step we used the estimate 



< Clli^ll 

- II II^K(Z,Li([n,n+l],Li))' 



U{t - s)G{s)ds 



e%Z,L^i[n,n+l],L^)) 



<C||G||riiJ, 



whose proof is similar to (9.3). 

Sixth subcase: (ri,pi) any admissible pair and (r2,P2) = (4, oo). Follows by 
interpolation of second and fifth case. 

Seventh subcase: remaining cases. Follows by interpolation of fourth and sixth 
cases. 
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§10 Extension of a result by Christ 
and kiselev to birman-solomjak spaces 

Given two Banach spaces X and Y let K{s,t) be a continuous function with 
values in B{X,Y). Let us introduce the operators: 

/oo 
K{t,s)f{s)ds 
-oo 

and ^ 

fKf{t)= f K{t,s)f{s)ds. 

J —oo 

In this section we shall prove the following modified version of Lemma 3.1 [SmS]. 

Proposition 10.1. Let 1 < p,q,r < oo he such that 1 < r < min{p, g} < oo. 

Assume that there exist C > such that: 

(10-1) \\TKf\\ii{'L,Ll{[n,n+l\,Y)) < C'II/I|lJ-(X) 5 

then 

(10-2) \\TKf\\ii{Z,L^^{[n,n+l\,Y)) < C ||/IU-(X) , 

where C = C (C, g, r) > is another suitable constant. 

Remark. In the case p = q the previous proposition follows from [CK] . 
We shall need the following lemma. 

Lemma 10.2. Let k eN and 1 < p, q,r < oo as in Proposition 10.1. Assume that 
{Ij} j^i 2k C M is a family of intervals (eventually unbounded) such that: 

R = Uj/j and intlj fl intik = for j ^ k. 

Assume also that Qj e L^([n, n + 1], Y)) for j — 1, .., 2^ is a family of functions 
such that 

(10.3) ||^j||^«(z,Ln[n,n+i],y)) < C2-r Vj = 1,...,2^. 

Then the following estimate holds: 

j = l 

where C = C'{C,p, q,r) > and in particular C does not depend on gj,Ij, k. 
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Proof. Let us fix the following notations: 

2fc 

(10.5) Gix)^J2^i.9j 
and 

I = {Ij fori = 0,1, ...,2'=}, 

where Ij are the intervals given in the statement and Iq = 0. To every Ij e X we 
associate a new segment Ij C Ij defined as follows: 

Ij = {Zj,Zj+i) 

where Zj, Zj+i G Z U {±cxd}, Zj = mi{z G Z U {— oo}|2 G Ij} and Zj-^-i = sup{^ G 
ZU {+oo}|2 G Ij}. Notice that the possibility Ij = is allowed. Next we introduce 

i = {Ij G i\ij ^ 0} 

and also 

(10.6) z = G z| (^, ^ + 1) n (Lif^iij) = 0}. 

Notice that in a more explicit way we can write 

for suitable Q < h < 2^ and = io < ii < ••• < ih < 2^^. For every function 
F G /'^(Z, Lf ([n, n + 1], F)) we get: 



\j=iQ,---,ih J 

In particular if we choose in this identity F = G, with G as in (10.5), then we get: 

2*= 



«=1 



(10.7) = E llx/,^,"^ 



,"...^'J(Z,I,|'([n,n+l],y)) 
j—io,ii,---,ih 

- X] ll5'illl9(Z,LP([n,n+l],y)) - ^^^2 
j=io,ii,---,ih 
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where we have used the assumption (10.3). Next we shall estimate 

(U,.g^/,)<^ll«HZ,Lf([n,n+l],y))> 



with G as in (10.5). In order to do that let us associate to any integer no € 
defined in (10.6), the following set: 

={/eX|/n(no,no + l)7^0}. 

In particular we can write in a more explicit way: 

-^no = {-^i(no)5-^i(no)+l---5-^i(no)+/i(no))} 

where 

< /i(no) < 2^^(no) G 1,...,2^ 
It is easy to deduce that the assumptions on {/j}j=i,..,2'= imply: 



(10.8) < /i < 2^= and ^ /i(no) < 2 



fc+i 



Next notice that for every no G Z we have: 

IIX( no, no +l)^llLf([no,no + l],r) " ilXjn[no,no+l]<^llip([no,no + l],r) 

h{no) 

no)+'»'~'["'0,no + l]fi'«(no) + ft llLp([no,no + l],F) 

h=0 

h{no) 

< Yl \\9iino)+h\fLr^[no,no+l],Y)<C''{h{no) + l)2-'^ 
h=0 

and this implies 

(10.9) ||X(no,no+i)G||L([„„,„„+i],^) < C"^2^2-^/i(no)^ = m^2- h{no)f^ . 

Next we split the proof of (10.4) in two cases. 

First case: q > p 
In this case we have the following estimate: 

Q Ait? Q Q Ajt) 

(10.10) m^{2--h{no))p <mp2--h{no), 
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where at the last step we have used the assumption q > p and the following fact 

2-^h{no) < 2-^h{nQ) < 1, 

that in turn follows from the hypothesis p > r and < h{no) < 2^. 
By combining (10.7) with (10.9) and (10.10) we get: 

\\^\\%{Z,L^{[n,n+l],Y)) ^ \\^iU,.^jij)^\\%(Z,LP{[n,n+l],Y)) + \\^\\LP{lno,no + l],Y) 

noeK 

kq — ^ Q kp 

< C«2--/i+ mp2--h{no), 
that due to (10.8) implies: 

Hence, due to the hypothesis q > p > r, we get: 

IIG|l.'.(z,Lran,n+ii,r))<3c^2f2^(-?). 



Second case: q < p 
In this case we have 

Q kz) Q Q k Q Q Q k O 

(10.11) C'^2p{2-^h{no))p = C'i2p2—^h{no)p < ^^2'^ h{nQ) 

where at the last step we have used h{nQ) > 1 and q < p. By combining (10.7) with 
(10.9) and (10.11) we get: 

ll<^ll^«(Z,Lf([n,n+l],Y)) = \\^{U,.^-Jj)^\\%{Z,Lf{[n,n+l],Y)) + 11*^111^ ([no,no + l],y) 

< m-'^h + J2 Cni2-^h{nQ) < 3C^2p2^(i-^), 

no6Z 

where at the last step we have used (10.8). 

Proof of Prop 10.1. We shall follow the notations used in [SmS]. Let / G L\{X) 
satisfies the following conditions: 

(1) ll/IUrw = 1; 

(2) the function Fit) defined below is a bijection between (—00,00) and (0, 1), 

(10.12) F{t) = f \\f{s)\\\ds. 

J —00 
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By an elementary density argument we have that (10.2) will follow once we show 
that \\TKf\\eQ(z,L^{[n,n+i],Y)) ^ for any / G L[(X) that satisfies the conditions 
above. Next we consider the set of all dyadic subintervals of [0, 1]. If / and J are 
two such subintervals, we say that / ~ J if the following conditions hold: 

(1) / and J have the same lenght; 

(2) / must lie on the left of J; 

(3) there exist two dyadic cubes Iq and Jq whose lenght is twice the lenght of / and 

J, and moreover Iq and Jq are adiacent. 

Notice that if J is fixed then there are two dyadic intervals such that I J. 
Following [CK,SmS] we can write the identity 

Txf = XF-^jTK{XF-^if), 

{I,J:Ir^J} 

where xa denotes the characteristic function of the set A and F{t) is given in 
(10.12). Due to the Minkowski inequality we get: 



\TKf\\£i{Z,L^{[n,n+l\,Y)) 



(10.13) 



oo 



-2^11 2Z XF-^jT{XF--^lf)hi{Z,LP{[n,n+l],Y))- 

fe=2 {7,J:7~J,|7|=2-'=} 

Next for every A; > 2 we fix the following notations: 

Ij^F-'ii^'^) forj = 0,l,...,2'=-l, 



f^ = Xi'^fe.ndg^ = TK{f^). 



Notice that 



||/;iUnx) = 2-^ Vj = 0,l,...,2'=-1 
and due to the assumption (10.2) we deduce: 



\9j\\£i{Z,m[n,n+l],Y)) 



= \\TK{fj)\\ii(Z,m[n,n+l],Y)) < C2 - Vj = 0, 2^" - 1. 

We are then in position to use Lemma 10.2 in order to deduce: 

II ^ XF-'>-jTK{XF--^lf)\\li{'L,Ll{[n,n+l],Y)) 

{/,J:J~J,|J|=2-'=} 

= 11 X/j=_,5'|(a^)+ Xl^_^9^j{x)U{Z,LU[n,n+l],Y)) 

i=2,...,2fc-l j=2,...,2'=-l 

< II Y Xlk_^g]{x)\\i^iz,^(^[n,n+l],Y)) + \\ Y X/^.^fj (a^) 11^^^,^'? (Kn+1],Y)) 
i=2,...,2fe J=2,...,2'= 

. l./ 1 Min{p,q} \ 
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By (10.13) we finally get 



\Tk f\\l^{-L,Ll{[n,n+l\,Y)) < 2C" ^ 2 



k=2 



1_ Min.{p,qi s 
^ q qr ' 



and since - — ^^'^'^^P'I} < we have the desired result. 

q qr 
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